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Abstract. We give the definition of iP-convergence of tensor fields witli respect to tlie 
Gromov-Hausdorff topology and several fundamental properties of the convergence. We 
apply this to establish a Bochner-type inequality which keeps the term of Hessian on the 
Gromov-Hausdorff limit space of a sequence of Riemannian manifolds with a lower Ricci 
curvature bound and to give a geometric explicit formula for the Dirichlet Laplacian 
on a limit space defined by Cheeger-Colding. We also prove a continuity of the first 
eigenvalues of the p-Laplacian with respect to the Gromov-Hausdorff topology. 

1. Introduction 

Let 77, G N, G R and let {Moo,moo,v) be the Gromov-Hausdorff limit metric 
measure space of a sequence of renormalized pointed complete n-dimensional Riemann- 
ian manifolds {(Mj, mj, vol)}igN with Ricjv/i — -^(^ ~ 1) ^^^l M^o 7^ {j^oo}, where 
vol := vol/vol i?i(mj). 

In [lOj Cheeger-Colding showed that the cotangent bundle vr^ : T*Moq — )■ Moo of M^o 
exists in some sense. It is a fundamental property of the cotangent bundle that every 
Lipschitz function / on a Borel subset A of has the canonical section df{x) G T*M^ 
(called the differential of /) for a.e. x (z A. We also define the tangent bundle ttq : 
TMoo — Moo of Moo by the dual vector bundle of T*Moo and denote the dual section of 
dfhyVf:A^ TMoo. For r, s G Z>o, let < : TJMoo := <S)-=i TM^o ® ®Zr+i T*Moo ^ 
Moo- For A C Moo, we put TJA := {niy^{A). We will denote by (-,■) the canonical 
metric on TJMoo (defined by the Riemannian metric qm^ of Moo) for brevity and by 
LP{TIA) the space of L^-sections of T^A over A. Note qm^ e L°^(T°Moo). 

Let r, s G Z>o,-R > 0, 1 < p < 00 and Tj G L'^ (T^ B ^{mi)) for every i < 00 with 
supj<oo IITiIIlp < 00, where Bjiimi) := {xj G M^; Xj, rrii < R} and Xj, rrii is the distance 
between Xi and mj. 

The main purpose of this paper is to give the following two definitions and applications: 

(W) Tj -converges weakly to T^o- 
(S) Tj -converges strongly to Too- 

Note that in [40j Kuwae-Shioya gave the definitions above for the case of r = s = (i.e., 
each Tj is a function) and showed several important properties. A difficulty to give the 
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definitions above for tensor fields is tliat we can NOT consider the difference 'Tj — Too' 
canonically because it would be hard to compare between TJMj and TJMqo- We first give 
equivalent versions of the definitions: 

Definition 1.1 (Definitions IM21 KM\ and Proposition |3J6j). 

(W) We say that Tj -converges weakly to on Bnim^) if for every Xqo G BR{m^), 
every {zi\i<i<r+s C M^o and every r > with Br{xoo) C B^imoo) we have 

r r+s \ I, I r r+s \ 

Tj. (g) Vr,^ ^ ® (g) c/r,^ ^ \ c/yol = / / Too, (g) Vr,^ ® (g) rfr,^ \ dv, 

i = l i=r+l I J Br{Xaa) \ j = l i=r + l I 

where Xj — )■ Xoo, -Zij — )■ -Zj as j — > oo and is the distance function from z. 
(S) We say that Tj U'-converges strongly to Too on Bfi{moo) if Tj T^-converges weakly 
to Too on Bii{moo) and limsupj_^oo I l^il |LP(i3fl{mO) - \ \Too\\LPiBR{m^))- 

Compare with the definition of the convergence of the differentials of Lipschitz functions 
with respect to the Gromov-Hausdorff topology [30l Definition 4.4]. It is important that 
if (Mj, ruj, vol) = (Moo, moo, "u) holds for every i, then Tj L^'-converges strongly to Too on 
BR^rrioo) in the sense of (S) if and only if ||Tj — Tao\\LP{Bn{mac)) — as z — )■ cxd. 

As an important example we first observe about L^-convergence of Riemannian metrics 
gM, of Mi with respect to the Gromov-Hausdorff topology: 

Theorem 1.2. We see that gu, U'-converges weakly to gu^o on B^{m^) for every 
R > and every 1 < p < oo. Moreover, gM^ U -converges strongly to gu^ on Bf^{moo) 
for some (or every) R > and some (or every) 1 < p < oo if and only if {M^,moo) is 
the noncollapsed limit space o/{(Mj,mj)}j (i.e., the Hausdorff dimension of M^o is equal 
to n). 

Roughly speaking, this theorem says that a Gromov-Hausdorff convergence always 
yields U-weak convergence of the Riemannian metrics. 

Let us denote by Hi^p(U) the ifi^p-Sobolev space on an open subset U of Moo. Note 
that every / G Hi^p{U) also has the canonical section df{x) G T*Moo for a.e. x G f/ with 

II/II/... = II/IU. + IM/||l.. 

In [lOj Cheeger-Colding defined the Dirichlet Laplacian on L^(Moo) as the self adjoint 
operator by the closable bilinear form 

/ {df,dg)dv 

J Mao 

if Moo is compact. They also showed continuities of eigenvalues and of eigenfunctions 
with respect to the Gromov-Hausdorff topology which solve a conjecture given by Fukaya 
in [2n]- Kuwae-Shioya proved the existence of the Dirichlet Laplacian on L^(i?/{(moo)) 
and similar continuities for noncompact case in [38]. 




RICCI CURVATURE 



3 



In this paper we use the following notation: For every open subset U of M^o, let 
P^(A", U) be the space of / G Hi 2{U) satisfying that there exists h G L'^{U) such that 



holds for every Lipschitz function g on U with compact support. Since h is unique, we 
denote h by A*^/. 

On the other hand in [31j we knew that Moo has a second order differential structure 
in some weak sense. More precisely, by taking a subsequence in advance without loss of 
generality we can assume that there is such a second order differential structure associated 
with {(Mj, mj, vol)}j in some sense. See subsection 2.5.7 for the precise definition. We 
will always consider such structure. 

It was also proved in [31] that the Riemannian metric gM^o is differentiable at a.e. 
X G Moo with respect to the structure, in particular we knew that there exists the Levi- 
Civita connection. It is important that these facts allow us to define a weakly twice 
differentiable function and the Hessian of a weakly twice differentiable function naturally. 

We will apply several fundamental properties of (W) and of (S) to the study of the 
second order differential structure on Moo. In this section we introduce the following four 
applications only. The first application is about L^-weak convergence of Hessians: 

Theorem 1.3. Let fi e L'^{Bji{mi)) for every i < oo. Assume that fi G C'^{Bji{mi)) 
holds for every i < oo, sup^^ood lHi,2{iJfl(m,)) + W^fiWL^iBnim,))) < oo and that fi L^- 
converges weakly to /oo on BRijn^). Then there exists pi := pi{n, K, R) > 1 depending 
only on n, R such that the following hold: 

(1) fi L"^ -converges strongly to foo on BR^nioo). 

(2) /oo e P2(A", Bnimoo)) n i/i,2pi(5,(moo)) for every r < R. 

(3) fi,Vfi L"^^^ -converge strongly to /oo,V/oo on Br{m^) for every r < R, respec- 
tively. 

(4) |V/ooP G Hi^p,{Brimoo)) for every r < R. 

(5) V|V/jp L^^ -converges weakly to V|V/ooP on Brirriao) for every r < R. 

(6) Afi L"^ -converges weakly to A"/oo on Bji{mao)- 

(7) /oo is a weakly twice differentiable function on BR^nioo). 

(8) The Hessian Hess/^ of foo is in L^(T2°-Br(?^oo)) for every r < R. 

(9) Hess/- L'^ -converges weakly to Hess/^ on Brirrioo) for every r < R. 

The second application is the following Bochner-type inequality on Moo which keeps the 
term of Hessian: 




((i/, dg)dv 




hgdv 
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Theorem 1.4. Let {/j}i<oo be as in Theorem \1.3[ Moreover assume that Afi L^- 
converges strongly to A^f^o on B^.{m^) for every r < R. Then 



JBji{moo) 

holds for every nonnegatively valued Lipschitz function (poo on Bp>{moo) with compact 
support. 

Note that the Bochner-type inequahty holds on a dense subspace in L^(_Bij(moo)) and 
that this is stronger than T2-condition. See Remarks 14.211 and 14.281 It is worth pointing 
out that recently Zhang-Zhu proved a similar result on an Alexandrov space in j61j . 

On the other hand in [31] the author defined the (geometric) Laplacian A^*^°°/ for a 
weakly twice differentiable function / by taking the trace of — Hess/: 



on each k-dimensional rectifiable coordinate patch {U, 0), where = {xi{p),X2{p), ■ ■ ■ , Xk{p)) G 
R^ 9ij = gMAd/dxi,d/dxj) and {g'^)ij = {gij)ij\ 

We now consider the following question: 

Question: When does A" f = Af«-/ hold? 

For example if M^q is a fc-dimensional smooth Riemannian manifold and v is the k- 
dimensional Hausdorff measure, then A^*^°°/ = A"/ holds for every / G C^(-B/j(moo)) 
with A/ G L^(i?/j(moo)). This is a direct consequence of the divergence formula on a 
manifold. Note that in general A"/ ^ A^'''°^ f . See Remark 14.311 for an example. 

The third application is to give a sufficient condition for / in order to satisfy A'^ f = 



Theorem 1.5. Let {fi}i<oo be as in Theorem \1.3[ Then we have the following: 

(1) If {Moo, ^oo) is the noncollapsed limit space of {{Mi, mi)}i, then A^"°°/oo = A"/oo 
on Bn{moo)- 

(2) // Hessj. L"^ -converges strongly to Hess/^ on Br{moo) for every r < R, then 
A^*^oo/oo = A^foo on B{i{moo) and Afi L'^-converges strongly to A^foo on Br{moo) 
for every r < R. 

In particular we see that an answer of the question above for noncollapsing case is 
POSITIVE on a dense subspace in L'^{BFi{moo))- Note that in [37] Kuwae-Machigashira- 
Shioya showed a similar result about an explicit formula for the Dirichlet Laplacian on 
an Alexandrov space. 
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For d > 0, let Ai{n, d, K) be the space of n-dimensional compact Riemannian manifolds 
(M, Vol) with diam M < d and Kicm > K{n — 1), where Vol := vol/vol M . We denote by 
Ai{n, d, K) the measured Gromov-Hausdorff compactification of A^(?t,, d, K). For {X, u) G 
A4{n, d, K), we define the first eigenvalue of the p-Laplacian by 



if X is not a single point, Xi^p{X) := oo if X is a single point. It is well-known that 
Ai^p(M) coincides the smallest positive eigenvalue of the following nonlinear eigenvalue 
problem on (M, Vol) G M{n, d, K): 



where Apcf) := — div(| V0p~^V0). The fourth application is the following: 
Theorem 1.6. The function Xi p : A4{n,d, K) (0, oo] is continuous. 

This theorem is a generalization of the result about continuity of the eigenvalues of the 
Laplacian with respect to the Gromov-Hausdorff topology proved by Cheeger-Colding in 
[To] to the case of the first eigenvalues of the p-Laplacian. 

The organization of this paper is as follows: 

In Section 2 we will fix several notation and recall fundamental properties of metric 
measure spaces and of limit spaces of Riemannian manifolds. 

In Section 3 we will discuss L^-convergence with respect to the Gromov-Hausdorff 
topology. More precisely in subsection 3.1 we will give the definitions of (W) and of (S) 
for the case of functions by a somewhat different way from Kuwae-Shioya given in |30] 
and their fundamental properties. We will also show that this formulation is equivalent to 
that by Kuwae-Shioya. In particular we will extend a compactness result about L^-weak 
convergence given by Kuwae-Shioya to L^-case. See Proposition 13.191 Corollary 13.341 and 
Proposition 13.391 In subsection 3.2 we will give the original definitions of (W) and of (S) 
for tensor fields. Roughly speaking their fundamental properties include the following: 

(1) Every L^-bounded sequence has an L^-weak convergent subsequence. 

(2) L^-norms are lower semicontinuous with respect to the L^-weak convergence. 

(3) L^'-strong (or L^'-weak) convergence is stable for every contraction under a suitable 
assumption. 

It is worth pointing out that a key notion to give the definitions of (W) and of (S) is the 
angle Zxyz G [0,7r] given in [21]. See subsection 2.5.5 for the precise definition. 

In Section 4 we will apply several results given in Section 3 to prove theorems introduced 
in this section. Moreover we will show a compactness result about Sobolev functions with 
respect to the Gromov-Hausdorff topology which is a generalization of a Kuwae-Shioya's 
result about L^-energy functionals given in [3H1 HQ] to L^'-case. See Theorem 14.91 and 




A,0 = A|0r-v, 
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Remark 14.111 As an application of it, we will prove Theorem 11.61 We will also discuss a 
Bochner-type formula and the scalar curvature of a limit space. See Theorem 14.321 and 
Corollary 14.361 

Acknowledgments. The author would like to express my appreciation to Profes- 
sors Kazumasa Kuwada, Kazuhiro Kuwae, Shin-ichi Ohta and Takashi Shioya for helpful 
comments. He was supported by Grant-in-Aid for Young Scientists (B) 24740046. 

2. Preliminaries 

2.1. Fundamental notation. For a, 6 G R and e > 0, throughout this paper, we use 
the following notation: 



Let us denote by ^(ei, 62, . . . , e^; ci, C2, . . . , q) some positive valued function on TI^q x R' 



for fixed real numbers Ci, C2, . . . , Q. We often denote by C(ci, C2, . . . , q) some positive 
constant depending only on fixed real numbers Ci, C2, . . . , Q. 

Let X be a metric space and x E X. For r > and A C X, put Br{x) := {w G 
X; Hc/w < r}, Br{x) := {w G X; x~w < r} and Br{A) := {w E X;w,A < r}. We say that 
X is proper if every bounded closed subset of X is compact. We also say that X is a 
geodesic space if for every p,q E X there exists an isometric embedding 7 : [0, p^] — )■ X 
such that 7(0) = p and ■y{p, q) = q (we call 7 a minimal geodesic from p to q). 

Let be a Borel measure on X, F a metric space and / a Borel map from X toY . We 
say that / is weakly Lipschitz (or differentiahle at a.e. x G X) if there exists a countable 
collection {Ai]i of Borel subsets Ai of X such that v{X \ Ai) = and that each /l^^ 
is a Lipschitz map. 

Let V be an n-dimensional real Hilbert space with the inner product (■,■), v G V and 
1 < p < 00. We often use the following notation: t)(p~i) := |t>|P~^t> if t> ^ 0, t>(P~^) := 
if f = 0. For k < n, e > and {ei}i<i<k C V, we say that {ei}i<i<k is an e-orthogonal 
collection on V if {ei,ej) = 6ij ± e holds for every i,j. Moreover, if k = n, then we say 
that {ej}i<i<„ is an e-orthogonal basis on V. It is easy to check the following: 

Proposition 2.1. Let e > 0, L > 0, r > I, T e <S)l=iV* 'with \T\ < L, and let 
{ei}i<i<fc he an e-orthogonal collection on V . Then we have the following: 



(1) Ifk = n, then |T|2 = Y.,,,...,,. {T{ei,, e,„))' ± ^{e; n, r, L). 

(2) //r = 2 and \T\^ = ^^^^.(T(e„ e,))^ ± e, then TrT = J2l,T{eue,) ±^{e-n,L), 
where TrT is the trace ofT. 

Let r, s G Z>o and T;(V) := (g)^^^ 1/®(g).^'+i V*. We also denote by (-, ■) the canonical 
inner product on TJ(V^) for brevity. For 1 < I < r and r + 1 < < r + s, let : T^{V) — )■ 




satisfying 



lim ^f(ei, €2, . . . , ek, ci, C2, . . . , q) = 
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T^IiiV) be the contraction defined by CH^l^^Vi ® (S)l=r+iV*) ■= vl{vi) (S)\llvi ® 
(8)L+i V, ® (Sltr+i ® (8):ii For 1 < / < A: < r, let Ci : T;(\/) ^ TJ-2(\/) be the 
hnear map defined by CH^l^^ Vi^(S)Zr+i O '■= (^^ '"k) (S)!=l ^i®(8)f=/+i ^^i®(8)I=fc+i 
(8)Ii%i Similarly we define Ci : T;(\/) ^ T;„2(V') for r + 1 < / < A; < r + s. For / < 
r, A; < s, let : T;(V) x T^(\/) ^ T;rfc(V^) be the linear map defined by C^:;((g)[^i t;^ ® 

(8)ii%i ^^r, oil «^.®(8)!2+i <) := n!=i(^., nii'+i^, (S):=.+i ^.®(8):i%.+i < 

To simplify notation, we write T{S) instead of Cf^^^(T,S). Note |T(5')| < ITH^I. For 
f,s G Z>o, define the bilinear map / : T^{V) xTt{V) T^+!{V) by f{(^'-^^Vi ® 

simplicity of notation, we write v ^ w instead of f{v,w). 

2.2. Differentiability of Lipschitz functions on a Borel subset of Euclidean 
space. Let A be a Borel subset of R'^, / a Lipschitz function on A and y G LebA := 
{a G A] lim^^o -f^'^l^ H Br{a)) / H^{Br{a)) = 1}, where is the A;- dimensional spherical 
Hausdorff measure. Then we say that / is differentiable at y if there exists a Lipschitz 
function / on such that /|^ = / and that / is differentiable at y. Note that if / 
is differentiable at y, then a vector {df/dxi{y), . . . ,df /dxn{y)) does not depend on the 
choice of such /. Thus we denote the vector by J{f){y) = {df /dxi{y), . . . ,df /dxn{y))- 
Let F = (/i, . . . , fjn) be a Lipschitz map from A to R™. We say that F is differentiable 
at y if every /j is differentiable at y. Note that by Rademacher's theorem F is dif- 
ferentiable at a.e. x G A. Let us denote by J{F){x) = {dfi/dxj{x))ij the Jacobi matrix 
of F at X if F is differentiable at x G Leb A. We also say that a Borel map G from A to 
R™ is weakly twice differentiable on A if G is weakly Lipschitz on A and if J{G) is weakly 
Lipschitz on A. 

Let X = ^agA (S)i=i '^^a{i) ® (8)i=r+i dxa{i) be a tensor field of type (r, s) on A, 
where A := Map({l, . . . ,r + s} — )■ {1, . . . , A;}). We say that X is a Borel tensor field 
on A if every is a Borel function. We also say that X is weakly Lipschitz on A (or 
differentiable at a.e. x G A) if every Xa is weakly Lipschitz on A. 

For two Borel tensor fields {Xj}j=i^2 of type (r, s) on A, we say that Xi is equivalent to 
X2 on A if Xi{x) = X2{x) holds for a.e. x G A. Let us denote by [X] the equivalent class of 
X, by rBor(7JA) the set of equivalent classes, and by Ti(T^A) the set of equivalent classes 
represented by a weakly Lipschitz tensor field of type (r, s). We often write X = [X] for 
brevity. See subsection 3.1 in [31] for the details of this subsection. 

2.3. Rectifiable metric measure spaces. Let X be a proper geodesic space and v 
a Borel measure on X. In this paper we say that {X,v) is a metric measure space if 
v{Bj.{x)) > holds for every x G X and every r > 0. We now recall the notion of 
rectifiability for metric measure spaces given by Cheeger-Colding in \10\ : 

Definition 2.2 (Cheeger-Colding, [ID])- Let {X,v) be a metric measure space. We 
say that X is v-rectifiable if there exist m G N, collections {C-}i</<m,iGN of Borel subsets 
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Cl of X, and of bi-Lipschitz embedding maps {0- : C- — )■ R'}z,j such that the following 
three conditions hold: 

(1) v{X\[j,^^Ci) = 0. 

(2) For every i and every /, v is Ahlfors /-regular at every x G C^, i.e., there exist 
C > 1 and r > such that C"^ < v{Bt{x))/t^ < C holds for every < t < r. 

(3) For every I, every x G IJieN ^^"^ every < 5 < 1, there exists i such that x G C' 
and that the map 0' is (1 ± 5)-bi-Lipschitz to the image 0'(C'). 

See Definition 5.3] and the condition iii) of page 60 in [10]. In this paper we say 
that a family A := {(Ci,0i)}«,« in Definition 12.21 is a rectifiable coordinate system (or 
structure) of {X,v) and that each is an I- dimensional rectifiable coordinate patch. 

It is important that the cotangent bundle on a rectifiable metric measure space exists in 
some sense. We first give several fundamental properties of the cotangent bundle: 

Theorem 2.3 (Cheeger, Cheeger-Colding, [5l[T0]). Let {X,v) be a rectifiable metric 
measure space. Then there exist a topological space T*X and a Borel map tt^ : T*X — )■ X 
with the following properties: 

(1) t;(X\7r?(T*X)) = 0. 

(2) For every w G 7r°(T*X), {tt^)^^{w){= T*X) is a finite dimensional real Hilbert 
space with the inner product {■,-)w- Let \v\{w) := a/ (f , f )«,. 

(3) For every Lipschitz function f on X , there exist a Borel subset V of X , and a 
Borel map df from V to T*X such that v{X \V) = 0, o df = idy and that 
\df\{w) = Lip/(w) = Lipf{w) holds for every w eV , where 

(a) Lip/(a;) = Yim.r^Q{su^y^Br{x)\{x}{\f{x) - f{y)\/x7y)) and 

(b) Lipf{x) = liminf^^o(supj^gaB^(^)(|/(x) - f{y)\/x;y)). 

Assume that (X, v) is a rectifiable metric measure space. We now give a short review 
of the construction of the cotangent bundle T*X as in Theorem 12.31 Let {(C*', 0')}z_j be 
a rectifiable coordinate system of {X,v). By Rademacher's theorem and Definition 12. 2[ 
without loss of generality we can assume that the following hold: 

(1) Every 0j o (0^)"^ : 0'(C^' H Cj) -> (p^C- D Cj) is differentiate at every w G 

(2) For every i,l, x E €[ and every (ai, . . . , a/), . . . ,bi) G we have the following: 

(a) Lip aAij) (x) = Lip aj^ij) (x). 

(b) Lip (^j(t^i,j^ = holds if and only if (ai, . . . , a/) = holds. 

(c) Lip + b^,) (xy+Up - bM,) i^)' = 2Lip (E, ^^M,) 

2Lip (E,&.0L) (x?- 

(3) For every Lipschitz function / on X, we see that Lip/(a;) = Lipf{x) holds for a.e. 
xeX. 
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Let ~ be the equivalent relation on Ui ^ -^^0 defined by (x, u) ~ (y, v) ii x = (f)[o 

{(P',)-\y) and u = J{cP\o{<p])-^)(yYv for some i.j.l. Put T*X := {U^,MCl) x R^) / ~ 
and define the map vrj : T*X -> X by 7r(x, m) := if x G (j^HCl). The condi- 

tion (b) above yields that for every x G tt^{T*X) with x G C', we see that |a|^. = 
Lip '^j^ij^ (^) is ^ norm on R'. The condition (c) above yields that the norm comes 
from an inner product (-, on R'. Then it is easy to check that {T*X, tt^, satisfies 
the desired conditions as in Theorem 12.31 See Section 6 in and page 458 — 459 of [5] 
for the details. 

Note that similarly, we can define the (L°°-)vector bundle: vr^ : <S>l=i TX(^(^''.^-^ T*X 
X for every r, s G Z>o. Let A be a Borel subset of X and TJA (or (g)^^^ TA^I^'^^^ T*A) : = 
{ttI)~^{A). For two Borel tensor fields Ti, T2 of type (r, s) on A, we say that Ti is equiv- 
alent to T2 on A if Ti{x) = T2{x) holds for a.e. x E A. Let rBor(^J^) be the space of 
equivalent classes of Borel sections of TJA over A. Note that for every T G rBor(^s'^^)5 
each restriction Tl^-inyi of T to Cj fl A can be regarded as in rBor(7'J0-(C- fl A)) and that 
every weakly Lipschitz function f on A has the canonical section df G rBor(^*^)- 

We also denote the canonical metric on each fiber of TJX by (■, ■) for short. In particular 
we call the canonical metric on TX the Riemannian metric of (X, v) and denote it by 
gx- For every 1 < p < 00, let ^^(TJA) := {T G VboATIA); \T\ G Lp{A)}. Note that 
U'{TIA) with the L^-norm is a Banach space and that gx G L°°{T2X). For every weakly 
Lipschitz function f on A and every V G VBoriTA), let V^^/ := (d/)* G Vji^.iTA) and 
:= (V,V/), where * is the canonical isometry T*X = T^X by the Riemannian 
metric gx- See subsection 3.3 in [31] for the detail. 

Let U be an open subset of X. Let us denote by Vl^^{diy^, U) the set of T G L\^^{TU) : = 
{S G V-Qo^{TU)] \S\ G L\^^{U)} satisfying that there exists a unique h G L\^^{U) such that 

- /" fhdv= [ {Vf,T)dv 
Ju Ju 

holds for every Lipschitz function f on U with compact support. Write div^T = h. For 
1 < P < 00, let VP{dw'', U) be the set of T G Aocldiv", [/) satisfying that T G LP(Tf/) 
and div'^T G U'{U) hold. Note that for V'^{A^,U) defined as in Section 1, we see that 
/ G p2(A", U) holds if and only if / G Hi^2{U) and V/ G ^'^(div'^^ t/) hold. 

2.4. Weakly second order differential structure on rectifiable metric measure 
spaces. In this subsection we recall the definition of a weakly second order differential 
structure on a rectifiable metric measure space and their fundamental properties given in 

Let {X,v) be a metric measure space and A := {(C*', a rectifiable coordinate 

system of (X, v). We say that A is a weakly second order differential structure (or system) 
on {X,v) if each map 0- o {4>''j)~^ is weakly twice differentiable on 0j(C- fl Cj). 
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Assume that ^ is a weakly second order differential structure on {X,v). Let A be 
a Borel subset of X. We say that T G rBor(^J^) is weakly Lipschitz if each Xj^^ip,^ 
(which can be regarded as in TBor(Tg(j)l{Cl HA))) is a weakly Lipschitz tensor field of 
type (r, s) on 0'(Cj fl A). Let us denote by Ti(T^A; A) the set of equivalent classes of 
Borel tensor fields of type (r, s) on A represented by a weakly Lipschitz tensor field. We 
often write ri(TJA) := ri{T^A;A) for brevity. Recall that it was proved in [31j that for 
U,V G Ti{TA), the Lie bracket [U, V] G rBor(^^) is well-defined in the ordinary way. 

Let / be a Borel function on A. We say that / is weakly twice differentiahle on A (with 
respect to A) \i f is weakly Lipschitz on A and if df G ri(T*y4). The following theorem 
is a main result of |31] : 

Theorem 2.4. [211 Theorem 3.25] Assume gx E Ti{T^X). Then there exists the Levi- 
Civita connection V^^ on X uniquely in the following sense: 

(1) IS a map from TBor{TX) x Ti{TX) to TBor{TX). Let VffV := V^'^(f/, V). 

(2) Vff{V + W) = VfjV + VffW holds for every U G rBor(TX) and every V,W e 

ri(TX). 

(3) V'^fu+hv^ = fVffW + hVfW holds for every U,V e TBoriTX), every W G 
ri(TX) and every Borel functions /, h on X. 

(4) V^^(/V) = U{f)V + fVffV holds for every U G Tbov{TX), every V G Ti{TX) 
and every weakly Lipschitz function f on X . 

(5) VlfV -V^y^U = [U, V] holds for every U,V e Ti{TX). 

(6) Ug{V, W) = c/x(V?f W) +g{V, VffW) holds for every U G rBor(TX) and every 
V,W e Ti{TX). 

Remark 2.5. V^-^ is local, i.e., for every Borel subset A of X, the Levi-Civita connection 
induces the map V^?^U : ^Bov{TA) x TiiTA) Tbov{TA) by letting V<^''\a{U,V) : = 
V{^jj{IaV). Thus we use the same notation: V^-^ = V^^\a in this paper for brevity. See 
Section 3 in [31] for the detail. 

The Levi-Civita connection above allows us to give the definitions of the Hessian of a 
weakly twice differentiahle function, and of the divergence of a weakly Lipschitz vector 
field in the ordinary way of Riemannian geometry. We only give several fundamental 
properties of them: 

Proposition 2.6. [3ll Theorem 3.26] Assume gx G TiiT^X). Let A be a Borel subset 
of X , f a weakly twice differentiable function on A, u E ri(T*y4) and Y G ri(Ty4). Then 
there exist uniquely 

(1) V^^u G TBoriT^A) such that V3^uj{U, V) = gxiVyOJ*, U) holds for every U,V e 

TBoriTA), 

(2) the Hessian Ressf := V^^df G TboAT^A), 

(3) a Borel function div^-^ Y := tr(V3^F*) on A, 
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(4) a B Orel function A^^ f := -div^-^ (V^'-^/) = -tr(Hess^-^) on A. 
Moreover we have the following: 

(a) Hessj^(a;) is symmetric for a.e. x E A. 

(b) div^-^ (hY) = hdiv^^Y + gx(V^^h, Y) holds for every weakly Lipschitz function h 
on A. 

(c) A9x{fh) = hA^xf - 2^x(V5^/, V^^h) + fA^^h holds for every weakly twice dif- 
ferentiable function h on A. 

Remark 2.7. We can define the covariant derivative of tensor fields V^^ : ri{T^A) 
^Bor{Tgj^iA) in the ordinary way of Riemannian geometry. Then it is easy to check the 
torsion free condition: V^^gx = 0. 

Definition 2.8. Let ^ be a weakly second order differential structure on {X,v). We 
say that A and A are compatible if so is ^ U A. 

It is trivial that if A and A are compatible, then the notions introduced here are 
compatible, i.e., for instance we see that a function / on a Borel subset A of X is weakly 
twice differentiable on A with respect to A if and only if so is / with respect to A, 
Ti{T^A; A) = Ti{T^A; A) and so on. 

Remark 2.9. It is known that similar results given here hold on Alexandrov spaces. 
See for instance [2 EH HHl SHI Efll EI] ■ 

2.5. Limit spaces of Riemannian manifolds. In this subsection we recall several 
fundamental properties about limit spaces of Riemannian manifolds with lower Ricci 
curvature bounds. 

2.5.1. Gromov-Hausdorff convergence. Let {(Xj, Xj)}i<i<oo be a sequence of pointed proper 
geodesic spaces. We say that (Xj,Xj) Gromov-Hausdorff converges to {Xao,Xoo) if there 
exist sequences of positive numbers — )■ 0, i?j — )■ oo and of maps ipi : Bji.{xi) Bji. (xoo) 
(called ei-almost isometrics) with \xr/y — tpi{x),ipi{y)\ < Q for every x,y E 
Br^Xoo) C (Image('?/'j)), and ipi{xi) — )■ x^o (then we denote it by Xi — > Xoo for short). 
See [26]. We denote it by (Xj,Xj) '-'^'f!^^'-' [X^o^Xoo) or {Xi,Xi) — )■ (Xoo,Xoo) for short. 

Assume (Xj,Xj) ^'^''^^'■^ (Xoo,Xoo)- For a sequence {Ai}i of compact subsets Ai of 
Bji^{xi) for every i < oo, we say that Ai Gromov-Hausdorff converges to A^^ with respect 
to the convergence {Xi,Xi) — > {Xod,Xoo) if 'ipi{Ai) HausdorfT converges to Aoo- Then we 
often denote Aoo by limj^oo^i- Moreover, for a sequence {vi}i<i<oQ of Borel measures Vi 
on Xi, we say that i^oo is the limit measure of {vi}i if Vi{Br{yi)) — Vao{Br{yoo)) holds for 
every r > and every ?/, — > y^o- See [HI EH]. Then we denote it by {Xi,Xi,Vi) ^"^"J:^^'^ 
(Xoo,Xoo,i^oo) or {Xi,Xi,Vi) (Xoo,Xoo,t^oo) for brevity. 
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2.5.2. Ricci limit spaces. Let n G N, G R and let {Moo,moo) be a pointed proper 
geodesic space. We say that (Moo,moo) is an {n, K)-Ricci limit space (of {{Mi,mi)}i) if 
there exist sequences of real numbers Ki ^ K and of pointed complete n-dimensional Rie- 
mannian manifolds {(Mj, mj)}j with RicjUi — Ki{n — 1) such that (Mj, mj) — )■ (Moo, ""^oo)- 
We call an (n, — 1)-Ricci limit space a Ricci limit space for brevity. Moreover we say 
that a Radon measure v on M^q is the /zmz^ measure of {(Mj,mj)}j if t; is the limit 
measure of {vol/vol i?i(mj)}j. Then we say that [Moo^fn^^v) is the Ricci limit space 
of {(Mj, mj, vol/vol -Bi(mj))}j. Throughout this paper we use the notation: vol := 
vol/vol i?i(mj) for brevity. 

2.5.3. Poincare inequality and Sobolev spaces. Let {Moo,moo,v) be the Ricci limit space 
of {(Mj, mj, yol)}j with M^o 7^ {"^oo} (we will use the same notation in the subsections 
later). Then it is known that the following hold: 

(1) (Moo, moo) satisfies a weak Poincare inequality of type (l,p) for every 1 < p < 00. 

(2) For every 1 < p < 00 and every open subset U C Moo, (l,p)-Sobolev space Hi p{U) 
is well-defined. 

(3) For every 1 < p < 00 and every / G Hi^p{U), f is weakly Lipschitz on U and 

ll/lk,, = ||/||L. + IM/|U.. 

(4) The space of locally Lipschitz functions on -Bi?(xoo)(c Moo) in Hi^p{Br{xoq)) is 
dense in Hi,p{Bji{xoo)) for every 1 < p < 00. 

See [51 Corollary 2.25, (4.3), Theorems 4.14 and 4.47] and ^ (1.6) and Theorem 2.15] 
for the details. 

2.5.4. Regular set. A pointed proper metric space (X, x) is said to be a tangent cone of 
Moo at Zoo £ Moo if there exists rj — )■ such that (Moo, ;2oo, '"j'^'^'^Afoo) ~^ {X,x). Let 
T^k '■= {zoo £ Moo; Every tangent cone at Zoo of Moo is isometric to (R'^,Ofc).} and 
71 = ljr=i'^j- '^^^^ k- dimensional regular set of Moo and IZ the regular set of 
Moo- Cheeger-Colding showed that t;(Moo \7^) = Theorem 2.1]. On the other hand, 
recently, Colding-Naber proved that there exists a unique k such that v{lZ\ TZk) = 
[T6| Theorem 1.12] . We call k the dimension of Moo and denote it by dim Moo. Note 
that an argument similar to the proof of [301 Lemma 3.5] yields that for every rectifiable 
coordinate system A on (Moo, moo) there exists a subrectifiable coordinate system A of 
A such that each patch of A is fc- dimensional, where we say that a rectifiable coordinate 
system A on (Moo, ""^oo) is a subrectifiable coordinate system of A if for every (Cf , 0f ) G A 
there exists {Cj, (pj) G A such that C Cj and 4>^\ck = 0f . 

2.5.5. Angles. We introduce a key notion angles to give the definitions of (W) and of (S) 
as in Section 1. Let Cx be the cut locus ofxE Moo defined by := {?/ G Moo; x, y + y, z > 
x^ holds for every z G Moo with z 7^ y.}. It is known v{Cx) = [2^ Theorem 3.2]. Let 
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p,x,q E Moo with x ^ CpU Cg. Then there exists a unique Zpxq G [0, vr] such that 

cos Apxq = hm ■ 



holds for every minimal geodesies 7^ from x to p and every 7^ from x to q. Note that for 
every p,q E M^o we see that {drp,drq){x) = cos Zpxq holds for a.e. x G Mqo. See [311 
Theorem 1.2] for the details, and see [13 Theorems 1.2 and 1.3] for a very interesting 
example. 

2.5.6. Rectifiability. Cheeger-Colding proved that (Moo, v) is rectifiable by harmonic func- 
tions. More precisely, by combining with Colding-Naber's result |16[ Theorem 1.12], we 
have: 

Theorem 2.10. [lOj Theorems 3.3, 5.5 and 5.7] There exists a rectifiable coordinate sys- 
tem Ah '■= {(Cj, = . . . , 0i,fc) : Ci — > R^) of {Moo,v) such that the following 
holds: There exists a subsequence such that for every I, there exist r > 0, se- 
quences {xi(^j)}j<oo of Xi{j) G Mj(j) withxi^j) x^, and {fi(^j)^s}j<oo,s<k of C{n)-Lipschitz 
harmonic functions fi(^j)^s on Br{xi(^j)) such that Ci C Br{xoo), foo,s\ci = 4>i,s fi{j),s -> /oo,5 
on Br{Xoo) as j — 7- 00 for every s. 

See subsection 3.1.1 for the definition of the pointwise convergence of C°-functions: 
fi — ^ foo with respect to the Gromov-Hausdorff topology. On the other hand, the author 
proved that {Moo,v) is rectifiable by distance functions: 

Theorem 2.11. [30, Theorem 3.1] There exists a rectifiable coordinate system Ad '■= 
{{Ci, 0i)}i<oo of (Moo, v) such that every (pi^s is the distance function from a point in Moo- 

Remark 2.12. Moreover it was shown in [30] that for every dense subset A of Moo, 
there exists a rectifiable coordinate system Ad = {{Ci, 0i)}i<oo such that every is the 
distance function from a point in A. 

Note that Theorems 12. 101 and 12. Ill perform crucial roles in Section 3 and 4. 

Definition 2.13. Let A := {(Cj,0j)}j be a rectifiable coordinate system on {M^,v). 
We say that A is a rectifiable coordinate system associated with {(Mj, mj, yol)}j<oo if for 
every i < 00 there exists a sequence {<Pid,j}i<i<k,j<oo of Lipschitz functions on Mj such 
that supi<j<fc ,,-<oo Lip0j^,j < 00, 0i,i,oo|c, = 4>i,i and that {(j)i^ij,d(f)^j) (0i,«,oo, c?0i,i,oo) 
holds on Ci as j — > 00 for every /, where Lipcpi^ij is the Lipschitz constant of 
Lip0i,;j := sup^^y \(j)i,i,j{x) - (pi^i.j{y)\/x/y. 

See [501 Definition 4.4] (or Definition 13. 43p for the definition of a pointwise convergence 
dfi — dfoo of the differentials of Lipschitz functions with respect to the Gromov-Hausdorff 
topology. Note that by [30', Corollary 4.5] (or Proposition I3.47P and [30, Proposition 4.8] 
(or Proposition 13.441) . for Ah and Ad as in Theorems 12.101 and 12.111 respectively, we have 
the following: 
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(1) Ah is a rectifiable coordinate system of (Mqo, v) associated with | (Mi(j) , mi(j), vol) }j<rno 

(2) is a rectifiable coordinate system of (Moo, associated with {{Mi, mj, vol)}i<oo- 

2.5.7. Weakly second order differential structure. In [31] it was proved that {Moo,v) has 
a weakly second order differential structure. More precisely, we have: 

Theorem 2.14. [311 Theorem 4.13] Let A2nd '■= {(Q, 0i)}«<oo be a rectifiable coordinate 
system on Moo- Assume that for every i there exist r > 0, sequences {xj}j<oo of xj G Mj 
and {(f)i^ij}i<i<kj<oo of Lipschitz functions J onBr{xj) such that sup^^i^i..j^^Lip(f)i^ij < 
oo, Xj Xoo, Ci C Br{xoo), 0i,i,oo|c, = G C^^Br^Xj)) holds for every j < oo 

with supi<;<fcj<o^ ||A0i,;j||i2(B,(^.)) < oo, and that (f)i^ij 0ij,oo on Br{x^) as j oo. 
Then we see that A2nd is a weakly second order differential structure on M^, and that the 
Riemannian metric QMoo ^■^ weakly Lipschitz with respect to A2nd- 

We say that A2nd in Theorem \2.14\ is a weakly second order differential structure on 
{Mao,v) associated with {(M,;, rrij, vol)},;. Note that Theorem 12.101 and [30t Corollary 4.5] 
yield the following: 

(1) There exist a subsequence | (Mi(j), mi(j), vol) }j and a weakly second order differ- 
ential structure A on (Mqo, t^) such that A is associated with { (Mjij) , rriiij) , vol) } j . 

(2) Let A2nd be a weakly second order differential structure on {Moo,v) associated 
with {{Mi, rrii, vol)} i. 

(a) A2nd is a rectifiable coordinate system of (Moo, v) associated with {(Mj, m,, yol)}i. 

(b) Let {i{j)}j be a subsequence of N and A2nd a weakly second order differential 
structure on {Moo,v) associated with { (M(j) , fnnj^ , vol) } j . Then A2nd and 
A2nd are compatible. 

3. L^-CONVERGENCE 

3.1. Functions. In this subsection we will discuss several convergences of functions with 
respect to the Gromov-Hausdorff topology. Throughout this subsection we will always 
consider the following setting: Let {(Xj, Xj)}i<j<oo be a sequence of pointed proper ge- 
odesic spaces, R > and Vi a Radon measure on Xj for every i < oo satisfying the 
following: 

(1) (Xi,Xj,t;i) ' (Xoo, ) and Xoo 7^ {a;oo}- 

(2) For every R > there exists n = k{R) > such that Vi{B2r{zi)) < 2'^Vi{Br{zi)) 
holds for every i < oo, every r < R and every Zj G Xj. 

(3) Vi{Bi{xi)) = 1 for every i < oo. 

3.1.1. -functions . We first give the definition of a pointwise convergence of continuous 
functions with respect to the Gromov-Hausdorff topology: 
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Definition 3.1. Let fi e C^{Bji{xi)) for every i < oo. We say that fi converges to 
/oo at Zoo e Br{x^) if fi{zi) /oo(-2oo) holds for every Zi ^ z^o. Then we denote it by 

fi ^ foo Z(X). 

We also say that fi converges to foo on a subset A of Br^Xoo) if fi converges to foo at 
every z^o & A (then we denote it by fi f^o on A). 

Definition 3.2. Let fi e C^{BR{xi)) for every i < oo. We say that {fi}i is asymptot- 
ically uniformly equicontinuous on Bji{xoo) if for every e > there exist io and 5 > such 
that \fj{oij) — fjiPj)\ < e holds for every j > io and every aj, e Bit{xj) with aj, < S. 

The following compactness result performs a crucial role in the next subsection: 

Proposition 3.3. Let fi e C°{BR{xi)) for every i < oo with supj^^^^ ||/j|| 
Assume that {/i}i<oo is asymptotically uniformly equicontinuous on Bii{xoo). Then there 
exist foo e C'^{Br{xoo)) and a subsequence {fi(j)}j of {fi}i such that fi(^j) — >■ /oo on 

Br{Xoo)- 

Proof. Let {zi}i be a countable dense subset of Br^Xoo)- Since sup^^oo ll/i|| 
there exists a subsequence {i{j)}j such that {fi(j){zk)}j is a convergent sequence in R 
for every k. Let us denote by a{xk) the limit. The assumption yields that the function 
a '■ {zk}k — > R is uniformly continuous. Therefore there exists a unique foo £ C^{Br{xoo)) 
such that foo{xk) — (i{xk) holds for every k. Then it is not difficult to check that /i(j) — >■ foo 
on Br{xoo)- □ 

3.1.2. L\^^- functions and L'^ -functions. Let fi G L\^^{BR{xi)) for every i < oo. We start 
this subsection by giving the definition of a pointwise convergence of (W) as in Section 
1 for Ljgp-functions: 

Definition 3.4. We say that {/i}i is weakly upper semicontinuous at Zoo e Br{xoo) if 
( TWl — ^^ / foodvoo - hmsup / fidvA > 

'•-^0 \Voo{Br{Zoo)) JBriz^) i->oo Vi{Br{Zi)) J J 

holds for every Zi — >■ Zoo- We say that {fi}i is weakly lower semicontinuous at Zoo € 

Br{Xoo) if 

liminf ( liminf — — — — -- / fidvi —— rr- / /ooC^i^oo) >0 

^_,0 \^ i-^oo Vi{Br{Zi)) JB^^Zi) Voo{Br{Zoo)) J Br{z^) J 

holds for every Zi — )■ Zoo- We say that fi converges weakly to foo at Zoo if {fi}i is weakly 
upper and lower semicontinuous at 2;oo- 

We first give a fundamental property of the lower semicontinuity: 
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Proposition 3.5. Assume that fi > holds for every i < oo, and that {fi}i is weakly 
lower semicontinuous at a.e. G Br{xoo)- Then 



lim inf 



fidvi > 



Br(x,) 



focdVa 



Proof. Without loss of generality we can assume supj^j^ \ \fi\\L'^(BR{m,)) < oo. There 
exists K C Bji{xoo) with Voo{Br{xqo) \ K) = such that for every z^o E K and every 



e > there exists r = r{zao, e) > such that 



lim inf 



i^oo Vi{Bt{Zi)) Jb,{z,) 



fidvi > 



foo dVoQ € 



holds for every t < r. Fix e > 0. A standard covering argument (c.f. [301 Proposiiton 
2.2]) yields that there exists a countable pairwise disjoint collection {BrXwi)}i such that 
B^rAu^i) C Br{xoc), Wi G K, 5ri < r{wi, e) and that K \ |J^i Br^Wi) C Ui^Ar+i B^rX^i) 
holds for every N. Let with E^=7Vo+l ^oo(55.,(^i)) < e = K n U£i^,^( 

Then we see that 



[Wi 



/ foodVoo < / foodVoo <y^i 



fjVj + eVj{BrXWij)) 



) 

< I fjdvj + eVj{Bn{xj)) 

holds for every sufficiently large j, where — )■ Wi as j — )■ oo. Since VoQ{BR{xao)\K'^) < e, 
by letting j — t- oo and e — )■ 0, the dominated convergence theorem yields the assertion. □ 

Corollary 3.6. Assume that fi converges weakly to foo at a.e. Zoo € B^^Xoo)- Then 

liminfj^oo ||/i||Li(i?fl(x,)) > WfooWL^Bnix^))- 

Proof. Lebesgue's differentiation theorem yields that there exists Koo C Bji{xoo) such 
that Voo{Br{xqq) \ Koo) = and that 



lim 

r-s>0 



VooiBr{Zoo)) jBr{z^) 



foodVa 



lim 



r->0 Voo{Br{Zoo)) J Br{z^) 



\foo\dVo 



holds for every Zoo G K^o- Thus for a.e. Zoo G Koo and every e > there exists r > such 
that for every t < r we see that 



VooiBtiZoo)) JBtiz^) 



\foo\dVoo < 



1 



< 



1 



foodv 
fidn 



+ e 



/ fdv^ + 2e < / \fi\dv, + 2e 



Vi{Bt{zi)) Jb^^,^) 

holds for every sufficiently large i.e., is weakly lower semicontinuous at a.e. 

-2^00 ^ Bb{xoo)- Thus the assertion follows directly from Proposition 13. 5[ □ 
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Note that in general the weak convergence of fi — )■ /oo does NOT imply the weak 
convergence of — > |/oo|- See for instance Remark 13.101 We will give more fundamental 
properties about the weak convergence in the next subsection. 

We now give the definition of a strong convergence of Lj^^.-f unctions: 



Definition 3.7. We say that fi converges strongly to /oo at z^o if 



lim limsup 



1 



and 



t-s>0 



lim limsup 



oo V^{Bt{Zi)) Jb,{z,) 

1 



Voo{Bt{Zoo)) Jb 



/ 



1 



foodVc 



fidvi 



dv. 



dVr 



hold for every Zi — )■ 



Remark 3.8. Let gi G C^{Bii{xi)) and Zi G Bfjixi) for every i < oo with Zi — )■ 
2:00. Assume that there exists r > such that {gi\Br{zi)}i<oo is asymptotically uniformly 
equicontinuous at 2:00- Then it is not difficult to check that gi converges strongly g^o at 
Zoo if and only if gi converges weakly to goo at 2:00 if and only if gi — )• goo at Zoo- 

Remark 3.9. It is easy to check that if /, converges strongly to /oo at 2:00, then the 
following hold: 

(1) fi converges weakly to /oo at Zoo- 

(2) \fi\ converges strongly to |/oo| at 2:00. 



Remark 3.10. Let gn be a smooth function on R satisfying that 

gn{x) = (-1; 



2n^-2 (n^-l)(2i + l] 
X — 



n ~ 2 n(n — 2) 

holds for every x G [i/n + l/n^, {i + l)/n — l/n^j ^j^fl every i G Z, and that 



\9n{x) - (-1 



< 



100 



holds for every x G [i/n—l/n^^i/n+l/n^] and every z G Z. Note that gn{{i+l) / n—1 / n"^) = 
(— 1)*(1 — l/n^) = —gn{i/n + l/n^) holds for every i G Z. Then it is easy to check that 
under the canonical convergence (R,0,/7i) ^'"^^4' (R,0,ifi),for every t G R and every 
p > 0, we have the following: 

(1) gn converges weakly to at t. 

(2) gn does NOT converges strongly to at t. 

(3) \gn\^ converges weakly to l/(p+ 1) at t. 

(4) \gn\^ does NOT converges strongly to l/(p + 1) at t. 

We now recall a fundamental property of the strong convergence for L°°-functions given 

in 
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Proposition 3.11. [301 Proposition 4.1] Letk eN, R> 0, e Br{x^), {Fi} 

l<j<oo C 

C°(R'') and let {/■}i</<fc,i<oo be a sequence of 1"=° -functions fl on Bji{xi) with sup^ ; 1 1/. | |loo(b^(^^)) 
oo. Assume that f- converges strongly to at Woo for every I, and that converges to 
Foo with respect to the compact uniform topology. Then Fi{fl, . . . , f^) converges strongly 
to Foo(/i,...,/^) at Woo- 

For Lj^Qj,-functions we have the following: 

Proposition 3.12. Let A c Bji{xoo)- Assume that fi g Lf^^^Bn^Xi)) holds for every 
i ^ oo, fi converges weakly to /oo at a.e. z^o G A, and that is weakly upper 

semicontinuous at a.e. z^o € A. Then fi converges strongly to f^o at a.e. z^o G A. 

Proof. Lebesgue's differentiation theorem yields that the following holds for a.e. 2:00 G 
A: For every e > there exists r > such that for every t < r there exists io E ISi such 
that 

2 



1 



Vi{Bt{zi)) Jb,[z,) 
1 



f^- 



1 



1 



foodVo 



Vi{Btizi)) Jb,{z,) 

1 



\fiVdvi-2 



foodVc 



Vi{Bt{zi)) Jb,(,^) 
2 



dvi 



fidv, 



foodVc 



< 



Voo{Bt{Zoo)) 
1 



\foo\^dVo 



Bt(Zoo) 



foodVc 



Voo{Bt{Zoo)) JBtiz^) 



foodVo 



foodVc 



+ e < 2e 



,'^oo{Bt{Zoo)) JBt{z^) 

holds for every i > iq. Similarly, for every i > iq we have 

/oo 



Voo{Bt{Zoo)) JBtiz^) 



Vi{Bt{Zi)) Jb,(^,^) 



fidvi 



dvcr, < 2e. 



Thus the assertion follows from the Cauchy-Schwartz inequality. 



□ 



Remark 3.13. Propositions 13.111 and 13 . 1 21 vield that if fi G L'^{BR{xi)) holds for every 
i < 00 with supj<o^ ||/i||L°° < 00, then the assumptions of Proposition 13.121 hold if and 
only if fi converges strongly to /oo at a.e. Zoo £ A. 

The following proposition performs a crucial rule in Section 4. Note that it was proved 
essentially in [30l 



Proposition 3.14. Assume that there exist n g N and i^' g R such that every 
{Xi,Xi,Vi) is an {n, K)-Ricci limit space. Let Pi,qi G Xj for every i < 00 with pi poo 
and Qi — )■ goo; and put hi{x) := cos ZpiXQi for every x ^ Cp- U Cg.. Then hi converges 
strongly to h^o on X^o \ (Cp^ U Cg^). 
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Proof. Since {drp-,drg-){x) = cos Zpixqi holds for a.e. x G Xj, the assertion follows 
from [301 Proposition 4.3]. □ 

3.1.3. -functions . Let 1 < p < oo, Xi G Xj, /j G U'{Bfi{xi)) for every i < oo with 
L := supj<oo I |LP(B_R{a;,)) < OO and let g be the Conjugate exponent of p (i.e. , = 1 

holds) . 

Proposition 3.15. Let Zi,Zi g Bn^Xi) for every i < oo with zi — )■ z^^, Zi — )■ z^ and 



Zco -^cxD • Then 



lim 

i—^oo 



fidvi 



V,{Br{Zi)) Jb^^,^^ Vi{Br{Zi)) J b,(z^^ 

holds for every r > with Br{Zoo) C Br{Xoo). 



fidvi 







Proof. [15| Lemma 3.3] yields \imi^^Vi{Br{zi)ABr{z-i)) = 0, where AAB := {A\ 
B) U {B\A). Thus the Holder inequality yields 



fidvi - 



Br{Zi) 



fidvi 



Br{Zi) 



< {v,{Br{Zi)ABr{z,))f' WMlLviB^ix,)) ^ 

as z — )■ OO. □ 
It is easy to check the following proposition. Compare with [30] Proposition 4.5]: 

Proposition 3.16. Let gi g L°°{Bii{xi)) for every i < oo with sup^^^ \ \gi\\L°° < oo. 
Assume that gi converges strongly to goo at Zoo G Br{xoo) and that fi converges weakly to 
foo at Zoo- Then gifi converges weakly to goofoo at Zoo- 

The next proposition is a fundamental result of the weak convergence. Compare with 
Corollary 13.61 



Proposition 3.17. Assume that 
lim inf ( lim sup 



fidvi 



Vi{Br{Zi)) Jb,(^,^) Voo{Br{Zoo)) J BrM 

holds for a.e. Zoo G Br{xoo), where Zi — Zoo- Then 



foodVo 



lim 

i—^oo 



fidvi 



Bnixi) 



foodVa 



BniXao) 



Proof. By Proposition l3.15[ there exists Koo C Br{xoo) such that Voo{Br{xoo)\Koo) = 
and that for every 2:00 G Koo, every e > and every 6 > there exists r := r{zoQ, e,6) > 
with r < 6 such that 



lim sup 



1 



fidvi 



1 



foodVo 



< e 



V^{Br{z{)) Jb,(z,) Voo{,Br{Zoo)) J BAzoo) 

holds for every Zi — )■ Zoo- Fix e > 0. Applying a standard covering argument to i3 : = 
{_Br(2^,e,i/A:)(-2oo)}2ooG-K'oo,fceN yields that there exists a countable pairwise disjoint collection 
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{BrXzi)}i C B such that \ [J.^^ Br^Zi) C UStv+i B^rX^i) C Br{xoo) holds for every 
N. Fix Nq with Yl'^No+i'^ooiB^^rXzi)) < e. Then the Holder inequality yields that 



1=1 



holds for every sufficiently large j < oo, where Zi j — )■ 2;j as j — > oo. Thus 

p No „ 

•J Bii{Xoo) j = l J Br-(Zi) 

Nq 

= / /i^^i =^ '^{e;L,p,Voo{BR{xoo))) 

i = l J Br-{Zij) 

= fjdvj ±'^{e;L,p,Voo{Bii{xoo))) 

JBnixj) 

holds for every sufficiently large j. Therefore we have the assertion. □ 
The next corollary is a direct consequence of Proposition 13.171 

Corollary 3.18. If fi converges weakly to f^o at a.e. z^o G Bji{x^, then fi converges 
weakly to on Br{xoo)- 

We now give a compactness result for the weak convergence: 

Proposition 3.19. Let gi g LP{BR{xi)) for every i < oo with sup^^^ \\gi\\LP < oo. 
Then there exist goo G U'{Bii{xoo)) and a subsequence {gi{j)}j of {gi}i such that gi(^j-^ 
converges weakly to goo on -B/j(xoo)- 

Proof. We only give a proof of the case p < oo because the proof of the case p = oo 
is similar. Define gi{w) = on Mj \ Bfj{xi). By a decomposition g = g^ — g^, where 
g^ := max{5f,0} and g^ := max{— (7,0}, without loss of generality we can assume that 
(yfj > holds for every i < 00. For every r > and every i < 00, we define a function g^ 
on BR{mi) by 

9l{z) ■■= ^^ / 9idvi. 

Vi{Br{z)) Jb,[z) 

By [13, Lemma 3.3] and the Holder inequality, for every r > it is easy to check that {gl}i 
is asymptotically uniformly equicontinuous on Br{xoo) and that supj^^g^^ 1 |loo < 00. 
Thus Proposition 13.31 yields that there exist {glo}reQ>o C^{B r{xoo)) and a subse- 
quence {iij)}j such that g^^j-^ g^^ on Bn{xoo) for every r G Q>o. Let 5-00(2:00) : = 
liminfr^o ^^(-Soo)- The Holder inequality, Fubini's theorem. Remark 13.81 Proposition 
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I3TT] and EM yield that 



/ IgU^dvoo = lim / \9lij)\^dvi(j) 



<liminf/ / —^-——\gii^,)\P{x)dv,^j){x)dv,^,){z) 

^i{i)l^r(2jj 



liminf / / „ ... \9iU)\''{x)dVi^j){z)dv,^j){x) 



= liminf [ hu)\''{x) [ ^^fjl dvi^j) {z)dv,Q) (x) 



< 2^'^ liminf / \9i{j)\^'dvii^j) 

J— >CX3 / V 



holds for every r G Q>o with r < 1, where k = k(1). Therefore Fatou's lemma yields 
Qoo £ L'^iB r{xoo))- Since it is easy to check that a sequence {5'i(j)}j<oo satisfies the 
assumption of Proposition I3.17[ the assertion follows directly from Proposition 13.171 □ 

Corollary 3.20. Let gi e LP{BR{xi)) for every i < oo and g^o G L\^^{B nix oo))- 
Assume that supj^^o Hs'iHlp < oo and that for a.e. Zoo G Br{xoo), we see that 



liminf ( lim sup 



9idvi 7-^- ^ / goodvc 



Vi{Bt{Zi)) Jb,(z,) VooiBtiZoo)) JBtiz^) 







holds for every Zi ^ z^o- Then g^o G U'^Br^Xoo)) ■ 



Proof. Proposition 13. 191 yields that there exist ^oo € Lp{Br{xoq)) and a subsequence 
{9i{j)}j of {gi}i such that g^j) converges weakly to §00 on Br{xoo)- The assumption and 
Lebesgue's differentiation theorem yield that ^oo(-2oo) = 9oo{.Zoo) holds for a.e. 2:00 G 
Br{xoo)- Therefore we have the assertion. □ 

Definition 3.21. Assume p < 00. Let fij g L°°{Bji{xi)) for every i < 00 and every 
j < 00. We say that {fij}ij is an -approximate sequence of f^o if the following three 
conditions hold: 

(1) supi<^ ll/ijIU- < 00 for every j. 

(2) /jj converges strongly to f^oj at a.e. z^o G Br^Xoo) as i — )■ 00 for every j. 

(3) 11/00 - /oojIIlp as j 00. 

Proposition 3.22. Assume p < 00. Then for every g^o G U'{Br{xoo)) there exists an 
-approximate sequence of goo- 

Proof. Since L°°{Bji{xoo)) is dense in Lp^Br^Xoo)), without loss of generality we can 
assume goo G Lebesgue's differentiation theorem yields that there exists Koo C 
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Br{xoo) such that Voo{Br{xoo) \ Koo) = and that 



1 



hm — / _ / - . , 

r^O Voc{Br{Zoo)) J Br{z^) 



9oc - 



goodva 







holds for every 2:00 G K^o- Fix j. A standard covering argument yields that there exists 
a pairwise disjoint collection {B^..{zi)}i such that zi G Koo-, B^^X^i) Bii{xoo), 

p 



1 



VooiBrXZi)) JBr^iz,) 



1 



9c 



VooiBrXZi)) JBr^iz,) 



gocdva 



dv^ < j ^ 



and that i^oo\Ui=i ^^(2:*) ^ Ui^Ar+i ^snl^;^) holds for every iV. Fix A^o with X^j^atq+i ^oo(-B5^,(2i)) < 
r\ Let 



No 



n,3 



9oodVa 



f^^Voo{BrAZi)) JBr^izO 

where Zij — )■ Zi. Then by the Holder inequality, it is easy to check that {9ij}ij is an 
L^- approximate sequence of goo- 



□ 



Remark 3.23. By the proof of Proposition 13.221 and using suitable cutoff functions, 
it is easy to check that there exists an L^- approximate sequence {gi,j}i,j of goo such 
that gtj G C°(-Bj?(a;i)) holds for every i,j and that {gij}i is asymptotically uniformly 
equicontinuous on Br^Xoo) for every j. 



The following is a direct consequence of Proposition [3]TT] It means that roughly speak- 
ing, the L^-approximate sequence is 'unique': 

Proposition 3.24. Assume p < 00. Let g^o G Lp{Br{xoo)) and {gi,j}i,j, {gi,j}i,j be 
LP -approximate sequences of goo- Then 

lim I limsup llsfjj - gij\\Lp{Bii{x,)) ] = 0. 

j^oo \ i^oo / 

We are now in a position to give the definition of (S) as in Section 1 for functions: 
Definition 3.25. We say that fi LP-converges strongly to foo on Bji{xoo) if 

lim ( limsup ll/i - fiJ\\LPiBnix^)) ] = 

j^oo Y i^oo J 

holds for every (or some) L^-approximate sequence of foo- 

Corollary 3.26. Let gi g LP{BR{xi)) and ai,bi G L'^{BR{xi)) for every i < 00 
with supj<3o(| l^fjl + llajllioo + ||6j||2,oo) < 00. Assume that p < 00, fi,gi L^-converge 
strongly to foo, goo on Br{xoo), respectively and that ai,bi converge strongly to cioo?^oo at 
a. e. Zoo G Br[xoo), respectively. Then aifi + bigi L^ -converges strongly to aoofoo + &oo5'oo 
on Bii{x 00). 
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Proof. Let {fij}ij, {gi,j}i,j be L^'-approximate sequences of foo, goo, respectively. Then 
Proposition 13.111 yields that {aifij + bigij}ij is a L^- approximate sequence of a^ofoo + 
booQoo- Therefore the assertion follows from Proposition 13.241 □ 

Proposition 3.27. Let gi e L''{Bii{xi)) for every i < oo with supj<3o llfl'^IlL? < oo. 
Assume that p < oo, fi converges weakly to foo on Br{xoo) and that gi L'^-converges 
strongly to goo on Br^Xoo)- Then 

lim / figidvi = / foo9oodVoo- 

'^°°JBr{x,) JBr(x^) 

Proof. Let {gij}ij be an L'^-approximate sequence of goo- Propositions 13.16 1 and 13.171 
yield that 

lim / figijdvi = / foo9oo,jdvoo 
holds for every j. On the other hand, the Holder inequality yields 



/ fi9i,jdvi - / figidvi 

JBr(x,) JBr{x,) 



< ||/i||Lp||fl'i — gi,j\\Li- 

Therefore by letting z — )■ oo and j — ?■ oo, we have the assertion. □ 



The following is a direct consequence of Proposition 13.271 and the triangle inequality. 
Compare with Remark 13.91 

Corollary 3.28. Assume that p < oo and that fi L^-converges strongly to foo on 
Br{xoo)- Then we have the following: 

(1) fi converges weakly to foo on Br{xoo)- 

(2) \fi\ LP -converges strongly to \foo\ on Br{xoo)- 

Next we give a lower semicontinuity of L^-norms with respect to the weak convergence: 
Proposition 3.29. If fi converges weakly to foo on Br{xoq), then lim mfi^oo\\fi\\Lp(BR{xi)) > 

Lp(Br{x^))- 

Proof. If p = oo, then the assertion follows directly from Lebesgue's differentiation 
theorem. Assume p < oo. Since (L^)* = L^, there exists goo G L"^ such that ||5'oo||l'j < 1 
and 

/ fooQoodv oo = 1 1 /oo II LP- 

J BR{Xac) 

Let {gi,j}ij be an L'^- approximate sequence of goo- Proposition 13.271 yields 



lim / 



hm / figijdvi = / foo9oo,jdVoo- 

i) J Br{x oo) 



On the other hand, since the Holder inequality yields 



lim 



/ figi,jdvi < liminf (||/j||Lp||5(ij||Lg) = ( liminf | |/i| |lp ) | l^ioojl |l9, 
JbrXx,) ^ ^ 
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by letting j — )■ oo, we have the assertion. □ 
On the other hand, Propositions 13.111 and 13.171 yield: 

Proposition 3.30. Assume p < oo. If fi W-converges strongly to /oo on Br^Xoo), 
then limj_^oo \ \fi\\LP{BR(x,)) = \ \foo\\LP{BR{xac,))- 

Conversely, we have the following. 

Proposition 3.31. Assume p < oo. Then fi U -converges strongly to /oo on Br^Xoo) 
if and only if the following two conditions hold: 

(1) limSUPi^oo < ||/oo||lp(B«(^oo))- 

(2) fi converges weakly to /oo on Br{xoo)- 

Proof. It suffices to check 'if part. First assume p < 2. Let {fi,j}i,j be an L^- 
approximate sequence of /oo- Then Clarkson's inequality [12, Theorem 2] for p < 2 yields 

2 (I |/j,il Ilp + I |/j| Ilp)'' ^ I l/jj + /j| Ilp + I ~ /il lip- 
Since fi + fij converges weakly to /oo + foo,j on BR^nioo) as i — )■ oo, by letting i oo 
and j — 7- oo. Proposition 13.291 yields 

2 (ll/oolli. + \\foo\\lr>r' > 2^11/oollL +limsup fhmsup ||/„- - f,\\%) . 

Thus we have lim^^oo (hmsupi_^oo \\fi,j - fiWlv) = 0^ i-e., fi L^-converges strongly to /oo 
on Bji{xoo)- Similarly the assertion of the case p > 2 follows from Clarkson's inequality 
[T2| Theorem 2] for p > 2. □ 

The following result is a compatibility result for the case of L°°-functions: 

Proposition 3.32. Let gi e L'^{Bji{xi)) for every i < oo with supj<oo ||fl'j||L°= < oo. 
Then gi converges strongly to g^o at a.e. z^o € Br{xoo) if and only if gi -converges 
strongly to goo on Br{xoo) for some (or every) 1 < p < oo. 

Proof. It suffices to check "if" part. Assume that gi L^-converges strongly to goo on 
Br{xoo) for some 1 < p < oo. Since Proposition 13.171 and Corollary 13.281 yield that 



lim — - — - — - , 

i^oo Vi[Br[Zi)) Jb^(^z,) 
1 



9i 77w — \T / gid''Ji 

Vi{Br{Zi)) Jb^(,^) 



VQo{Br{Zoo)) Jb 



1 



dvi 



QoodVc 



dVr- 



holds for every r > 0, where Zi — )■ Zoo, we see that gi converges strongly to g^o at every 
Zoo ^ Br{xoo) satisfying 



lim 



™ Voo{Br{Zoo)) Jsriz^) 



9o 



1 



VooiBr{Zoo)) jBr{z^) 



Qoodvo 



dVor, = 0. 
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□ 



On the other hand, we recall the definition of L^-convergence of functions with respect 
to the Gromov-Hausdorff topology given by Kuwae-Shioya in [381 SO]- Note that without 
loss of generality we can assume that every ej-isometry ipi : BptX^i) ~^ ^Rii 

Borel 

map. 

Definition 3.33. [iOl Definition 3.14] Assume p < oo. 

(1) We say that fi U'-converges to f^o on B^{xoo) in the sense of Kuwae-Shioya if 
there exists {0j}j<oo C C^{Bji{xoo)) such that 

lim(limsup||/i -0j o7/;i||iP(B^(^^))) = lim ||/oo - 0j||Lf(Bfl(x^)) = 0. 

(2) We say that fi -converges weakly to foo on Br^x^) in the sense of Kuwae-Shioya 



holds for every L'^-convergent sequence gi — )■ goo on Br{xoo) in the sense of Kuwae- 



We end this subsection by giving an equivalence between Kuwae-Shioya's formulation 
and our setting: 

Corollary 3.34. We have the following: 

(1) fi LP -converges strongly to foo on Bji{xoo) if o-nd only if fi U'-converges to foo on 
Br^Xoo) in the sense of Kuwae-Shioya. 

(2) fi converges weakly to foo on Br{xoo) if and only if fi U-converges weakly to foo 
on Bji{xoo) in the sense of Kuwae-Shioya. 

Proof. It is a direct consequence of Remark 13.231 and Proposition 13.271 □ 

Remark 3.35. In [381 HQ] Kuwae-Shioya proved a compactness result which corresponds 
to Proposition 13.191 for the case p = 2. For instance they showed that {LP{BFt{xi))}i 
satisfies an asymptotic relation (see ^Oj Definition 3.1, Theorem 3.27] for the precise 
definition and statement), and gave a compactness result for a sequence of CAT(O) spaces 
having an asymptotic relation. However in general, LP{B{i{xi)) is NOT a CAT(0)-space, 
more precisely, L^-space is CAT(O) if and only if p = 2. Therefore we can not apply 
directly [40l Lemma 5.5] to our setting for p ^2. 

Remark 3.36. Assume p < oo. Then it is easy to check that if {Xi,Xi,Vi) = {X,x,v) 
and ipi = idx hold for every z < oo, then fi L-'^-converges strongly to foo with respect to 
the convergence {X,x,v) ^^'^^f^'^''^ {X,x,v) if and only if \\fi - /oo| -> 0. 



if 




Shioya. 
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Remark 3.37. By Proposition 13 . 1 1 1 and the same way as in Definition I3.25[ we can give 
the definition of L^-strong convergence of functions with respect to the Gromov-Hausdorff 
topology and also show that it is equivalent to that in the sense of Kuwae-Shioya given 
in HOl. 



3.1.4. Poincare inequality and -strong compactness. In this subsection we will prove a 
compactness result about L^-strong convergence. The following proposition is an essential 
tool to get it: 

Proposition 3.38. Let {X,v) be a proper geodesic metric measure space, x G X with 
v{Bi{x)) = 1 and 1 < p < oo. Assume that the following two conditions hold: 

(1) (The doubling property on {X,v) for k = K,{r)). For every r > there exists 
K = K{r) > such that v{B2t{y)) < 2'^v{Bt{y)) holds for every y E X and every 
t <r. 

(2) (The weak Poincare inequality of type on {X,v) for t = T{r)). For every 
r > there exists r = r(r) > such that for every y ^ X , every t < r and every 
f G Hip{Bt{x)), we have 

i/p 



1 



v{Btiy)) Js.iy) 



^ v{Bt{y)) L^iy) 



dv < rt I — — — - / lofl^dv 



where Qf is the minimal generalized upper gradient for f (see ^ Theorem 2.10] 
for the precise definition of Qf). 

Then for every T > 0, every R > 0, every L > 1 and every f G Hi^p{Bji{x)) with 
\\f\\Hi,p{Bii{x)) < T, there exists an L- Lips chitz function fi onBu/^^x) suchthat | 1^1,^,(5^/5 (x 
C{K{R),r{R),p,T,R) and 1 1/ - /l| |lp(b^/5(x)) < C{k{R),t{R),p,T, R)L~°' , where a := 
a{K{R),T{R),p,R) > 0. 

Proof. Define / = on X \ Br{x). Let 

Kl:= Ize Bn{x); .J. ,, / \dffdv < L^foreveryr < R 



By the proof of [501 Lemma 3.1], we have v{Bji{x) \ Kl) < C{k,{R), T)L~'p. On the other 
hand, the Poincare inequality yields that 



f TWT^ I ■f^^ 



dv < T{R)rL 



holds for every w G and every r < R with Br{w) C Br{x). An argument similar 
to the proof of j5l Theorem 4.14] yields that there exists C fl B^j^^x) such that 
v{KLr\Bjii^{x)\KL) = and that is C(k(-R), r(-R))L-Lipschitz. MacShane's lemma 
(c.f. (8.2) or (8.3) in [5J) yields that there exists a C(/€(-R), r(_R))L-Lipschitz function fL 
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\dfL\''dv 



\dfL\'dv+ / \dfL\''dv 

BRf5ix)\KL JKl 



< / C{K{R),T{R),p)U'dv+ / \df\'Pdv 

< C{k{R), T{R),p)v{Bn{x) \ Kl)U' + T^<C {k{R), t{R),p, T) . 



Fix yoe KlH Br/^^x) with 



fdyo) = fivo) = lim 



fdv. 



r^O v{Briyo)) JBr(yo) 

Then for every y G Br{x) we have < |/l(i/o)| + C{k{R),t{R))L. On the other 

hand, the Poincare inequality and a 'telescope argument' (see the proof of [5l Theorem 
4.14]) yield 



fdv 



< C{K{R),r{R),R)L. 



Therefore we have | |L°°(_Bfl(x)) < C{k{R),t{R),T, R)L. In particular we have 



Ihldv 



\fL\dv+ / \f\dv 

< v{Br„{x) \ kL)Cit^{R), t{R),T, R)L + C(«:(i?),p, T, R) 
<C{k{R),t{R),p,T,R). 

On the other hand, the Poincare-Sobolev inequality [271 Theorem 1] yields that there 
exists p := p{k{R), t{R),p) > p such that 



<C{k{R),t{R),R,p) 



1 



v{Bn/5{x)) Jb^,/,(x) 
1 



fhdv 



v{Br/^{x)) Jb^,,{x) 



dv 



i/p 



Idhl^dv] <C{k{R),t{R),p,T,R). 



In particular we have \\fL\\Lp{Ba/5{x)) < C{k{R),t{R),p,T,R). Similarly we have \ \f\\Lp(BR(x)) 
C{k,{R),t{R),p,T, R). Therefore the Holder inequality yields ||/ — /l| |Lp(Sfl/5(x)) < 
{v{Bn/,{x) \ KL)y^^\\f - hWLHB^^.ix)) < C{k{R),t{R),p,T,R)L-p/^, where /3 is the 
conjugate exponent of p/p > 1. Therefore we have the assertion. □ 

We are now in a position to give a compactness result about L^-strong convergence. 
Compare with jlOl Theorem 4.5]: 



< 
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Proposition 3.39. Let 1 < p < oo. Assume that there exists {r = r(r)}r>o C R such 
that the weak Poincare inequality of type for r holds on {Xi,Vi) for every i < oo. 

Then for every sequence {/Jkoo of fi E Hi^p{BR{xi)) with sup^^^ | l^i,,, < oo, there 
exist /oo G Lp{Br{xoo)) and a subsequence {fi{j)}j of {fi}i such that f^j^ L^-converges 
strongly to /oo on Br{xoo)- 

Proof. Let T := 

supj<^oo I l^^i.p- Proposition 13.191 yields that there exist /oo G 
LP{Bji{xoo)) and a subsequence {fi{j)}j of {fi}i such that fi^) converges weakly to /oo on 

Br{Xoo)- 

Claim 3.40. Let r > and z^o G Br{xoo) with B^ri^oo) C Br{xoo)- Then fi(^j) L^- 
converges strongly to f^ on Br{Zoo)- 

The proof is as follows. By Proposition 13.381 for every L > 1 and every j < oo, there 
exists an L-Lipschitz function {fi{j))L on i?r(-2i(i)) such that ||/i(j) - (/i(j))L| < 
C{k{R),t{R),p,T, R)L~°', where a = a{K{R),T{R),p) > and — )■ Zoo- By Proposi- 
tion [3l3l without loss of generality we can assume that there exists an L-Lipschitz function 
(/oo)l on Br{zoo) such that {fi(j))L — ^ (/oo)l on Br{zoo)- Then Proposition 13.291 yields 
I l/oo (/oo )L\\Lp{Br{z^)) < liminfj^oo ||/i(j)-(/i(i))L||Lp(iJ.(2,(,))) < C{k{R),t{R),p,T,R)L °. 
Since L is arbitrary, we have Claim [3^^ 

Let p,(3 as in the proof of Proposition 13.381 and let {Bri{wi)}i be a countable pairwise 
disjoint collection with B^niwi) C Br{xoo) and Voo{Br{xoo) \ IJ/ B^Xwi)) = 0. Fix e > 0. 
Let A^'o with Voo{Br{xoo) \ [jf=i Bniwi)) < e. By the proof of Proposition 13.381 we have 
\\fi{j)\\Lp{Bii(x,y))) < C{k{R),t{R),p,T,R) for every j < oo. In particular the Holder 
inequality yields 



p No „ 



No 



< I t^iO) I BR{xi(^j)) \yjBrXwi,i{j)) ) ) ll/iO)llip(B«(^,,^.))) < '^{^;f^{R),HR),p,T,R) 



1=1 



for every sufficiently large j < oo, where wi^iQ) — )■ Wi. Thus Claim [230] yields 

Nc 



/ l/iO-)I^^^^O-) = E / |/.o-)rrft;.o-)±vI/(e;«:(i?),r(i?),p,T,i?) 

/ \foo?dv^±^{e-K{R),T{R),p,T,R) 

!_1 JB,.,(Wi) 



1 = 1 JBriiwi) 



< / |/ooRi^oo + *(e;K(i?), r(i?),p,T,i?) 
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for every sufficiently large j < oo. Since e is arbitrary, we have limsup^-^o^ \ \fi(j)\\LP{BR{xii^j^)) < 
\\foo\\LP(BR(x^))- Thus Proposition |MU yields that /j^) L^-converges strongly to /oo on 



3.2. Tensor fields. Throughout this subsection we will always consider the following 
setting: 

(1) i? > 0, n e N, 1 < p < oo and r, s G Z>o. 

(2) {{Mi, mi)}i<oo is a sequence of pointed n- dimensional complete Riemannian man- 
ifolds with RicM, > —{n — 1). 

(3) {Moo,moo,v) is the Ricci limit space of {(Mj, mi, vol)}j<oo with Moo 7^ {"^oo}- 
Let k := dimMoo. 

3.2.1. Ll_^^^,Ll^-tensor fields. 

Definition 3.41. We say that Too ^ ^BoriT^Bji^moo)) is a weakly locally L^-tensor 
field if (Too, (8)j=i Vr^. ® ^"^Z+i dr^,) e Ll^{BR{moo)) for every C Moo. We also 

say that Too ^ ^BoriT^Bn^moo)) is a locally -tensor field if |Too| G Ll^^^Bu^nioo))- 

Let us denote by L^_[Q^(TJi?ij(moo)) the set of weakly locally L^-tensor fields of type 
(r, s) on Bfi^nioo) and by L\^^{Tl B R{maa)) the set of locally L^-tensor fields of type (r, s) 
on Bji{moo). We end this subsection by giving the definition of the pointwise convergence 
of (W) for L^_i^j^-tensor fields as in Section 1: 

Definition 3.42. Let Tj e Ll^_^^^{T^Bji{mi)) for every z < oo. We say that T^ con- 
verges weakly to Too at Zoo G -Bi^("^oo) if {Ti, (8)^=1 Vr^^ , ® 0^1^+1 c?'"^,,,) converges weakly 
to (Too, 0^=1 Vr^;^. ® (S)jir+i '^'"^^j ) -2^00 for 6very xi as i oo. 

3.2.2. L°° -tensor fields. Let Tj G L°°(T^Bji{mi)) for every i < oo with supj<oo ||Tj||ioo < 
oo. 

Definition 3.43. We say that T, converges strongly to Too at z^o G -B/j(moo) if the 
following two conditions hold: 

(1) Tj converges weakly to Too at Zoo- 

(2) {|Tjp}j is weakly upper semicontinuous at 2:00- 

Compare with Definition 13. 7[ Proposition I3.12[ Remark 13 . 1 3 1 and |30^ Definition 4.4]. 

Proposition 3.44. We see that 01=1 Vr^. dr^. . converges strongly to 01=1 Vr^,^^^® 

(S)[=r%i dr^^^^ at every z^ G Moo as j 00 /or every Xij Xj,oo- 

Proof. For every Xij — j- Xi^oo, since 



holds for a.e. w G Mj, the assertion follows from Propositions I3.1I| 13. 141 and 13.171 □ 



Br{Xoo). 



□ 
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The following is a main property of the strong convergence: 

Proposition 3.45. Let f,s e Z>o, Si e L°^{TfBR{mi)) for every i < oo with 
suPj<oo ||'S'i||L°o < oo and A C B^{moo)- Assume that Si,Ti converge strongly to Soo,Too 
at a.e. z^o € A, respectively. Then we have the following: 

(1) If {r,s) = {r,s), then {Si,Ti) converges strongly to {Sqo,Toq) at a.e. Zoo G A. 

(2) Si ®Ti{E L°°{T^^^ Bpflnii))) converges strongly to Soo ® Too at a.e. Zoo G A. 

(3) // (r, s) = (f, s), then Si + Ti converges strongly to Soo + T^o at a.e. z^o € A. 

(4) Iff < r and s < s, then Ti{Si){E L°° {T^Z$ B R{^i))) converges strongly to Too(5'oo) 
at a.e. z^o G A. 

Proof. Let A := Map({l, . . . , r + s} -> {1, . . . , A;}) and L 

■ — sup j 1 1 1 1 j;^oo . By an 

argument similar to the proof of [501 Lemma 3.15], for a.e. z^o € Bji{moQ) there exist 
{xi}i<i<k C Moo and {C(a)}(igA C R with |C(a)| < C{L,n) such that 

9 

/. r r+s 



lim _ / , 

r^O i;(Sr(2:oo)) 

Thus (1) follows from Proposition 13.441 and an argument similar to the proof of [301 
Theorem 4.4]. On the other hand, (2), (3), (4) follow directly from (1), Propositions 13.11] 
and [3121 □ 

Corollary 3.46. // Ti converges strongly to Too at a.e. Zoo G Bji{moo), then Ti 
converges strongly to Too at every Zoo G Bjiinioo)- 

Proof. It follows from Propositions 13.121 13.17[ Corollary 13.181 and Proposition I3.45[ 

□ 

We now recall a main result of l30l: 



Proposition 3.47. [30, Corollary 4.5] Let fi be a Lipschitz function on Bu^nii) for 
every i < oo with supj<oo Lip/j < oo. Assume that fi G C'^{Bji{mi)) holds for every 
i < oo with snpi^oo W^fiWi^Biiim,)) < oo, and that fi -> /oo on Bji{moo)- Then dfi df oo 
on BR^nioo) (which means that dfi converges strongly to df oo on BR^nioo))- 

In Section 4 we will prove that the assumption of uniform L^-bounds as in Proposition 
13.471 can be replaced by uniform -bounds. See Corollary 14. 6[ We will also easily check 
that this assumption of uniform L^-bounds is sharp in some sense. See Remarks 14.71 and 

1131 

3.2.3. L^-tensor fields. Let 1 < p < oo, Ti G L^{T^ BR{mi)) for every 2 < oo with 
L := supj<oo llTilliP < oo and let q is the conjugate exponent of p. 

Proposition 3.48. Letf,s g Z>o, Si G L°°{TfBR{mi)) for every i < oo with snpi^oo WSiWi^ < 
oo and A C Bfi{moo)- Assume that Si converges strongly to Soo at a.e. Zoo & A and that 
Ti converges weakly to Too at a.e. Zoo G A. Then we have the following: 
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(1) If{r,s) = {r,s), then {Si,Ti) converges weakly to {Soo,Too) at a.e. z^o G A. 

(2) Si ® Ti converges weakly to S^o ® T^o at a.e. z^o G A. 

(3) If f < r and s < s, then Ti{Si) converges weakly to Too{Soo) at a.e. z^o € A. 

(4) If r < r and s < s, then Si{Ti) converges weakly to Too(S'oo) at a.e. z^o G A. 



Proof. We first check (1). With the same notation as in the proof of Proposition 13.451 
for a.e. Zoo G BRirrioo) and every e > there exists r > such that 



v{Bt{z^)) Jb, 



5oo-5^C(a)(g)Vr,, 

aeA j=l 



r+s 



j=r+l 



dv < e 



and 



hm sup 



vo\Bt{zi) Jb, 



r+s 



Ti, (X) Vra;^^^,j . 



dr^ , - ) dvol 



1 



v{Bt{z^)) Jb, 



j=r+l 

r+s 



Too, 05 



"0) 



drx,^^^ ) dv 



j=r+l 



< e 



hold for every t < r and every a G A. By an argument similar to the proof of [30, Theorem 
4.4], we see that 



vol Bt{zi) Jb 



•Xzi) 



aGA j=l j=r+l 



dvo\ < \I^(e; n, L) 



holds for every sufficiently large /, where Xa{j),i — )■ Xa{j) and zi — )■ Zoo- Let 



agA j=l i=r+l 



{w) < ^(e;n, L) 



Then we have vol Kt_/ /vol i?t(2;i) > 1 — ^^(e; n, L, R). In particular we see that 



vol 5^(2;;) Jb 



-izi) 



aeA j=l 



dr^^ 



j=r+l 



dvol < \Ef(e; n, L,p) 
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holds for every sufficiently large / < oo. Therefore the Holder inequality and Proposition 
[331 yield that 



1 p / X / {Si,Ti)dvo\ 
vol Bt{zi) ^^(,^) 



r+s 

vol 5, 



Bt{zoc) \aeA j=l j=r+l 



— \Y / {Soo,T^)dv±'^{e;n,p,L,L) 



holds for every sufficiently large I. Therefore we have (1). On the other hand, (2) follows 
directly from Proposition 13.161 and (1). If f < r and s < s, then since 

/ 1 — f r—f+s—s \ / / r—f r—f+s~s 

\ i=l i=r—f+l / \ \ i=l i=r—f+l 

(3) follows directly from (2). Similarly we have (4). □ 

The following is a direct consequence of Corollary I3.18[ Propositions 13.441 and 13.481 

Corollary 3.49. //Tj converges weakly to at a.e. z^o G Bfiinif^), then Ti con- 
verges weakly to at every z^o G Bji^rrioo). 

We now give a compactness result for the weak convergence of L^-tensor fields similar 
to Proposition 13.191 

Proposition 3.50. Let St e LP{T'^Bji{mi)) for every i < oo with sup^^^ \ \Si\\LP < oo. 
Then there exist S^o G L^iT^Bji^moo)) and a subsequence {Si(j)}j of {Si}i such that Si(j) 
converges weakly to S^o on B^{moo). 

Proof. We only give a proof of the case j9 < oo because the proof of the case j9 = oo is 
similar. Let A := {xjjigN be a dense subset of Moo and A := Map({l, . . . , r + s} — N). 
Proposition [nun] yields that there exist a subsequence {i{j)}j and {Fa}aeA Lp{Bji{xoo)) 

such that {Si(j),<S)Ui'^'^x,(i)M,) ® 'S>'i=r+id'^x,{i),iU)'^ converges weakly to Fa on Bn{x^) 
for every Xk,i(j) as j oo. By the assumption and [301 Lemma 3.1], there exists 

Koo C BR{moo) such that v{BR{moo) \ K^o) = 0, K^o C Moo \ Ui ^xi, 

Fa{woc) = lim ] / Fadv 

r^O v{Br{Woc)) J B,.{w^) 
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holds for every aGA and every Woo G K^o, and that for every 2:00 G Koo, 

hm sup I hm sup — / |5'j(j)|^(ivol ) < 00 

holds for some Zi(^j) — > z^o (see also the proof of Proposition 13.721) . 

Claim 3.51. Let Zoo G Koo and {Ci{a)}a&A, 1=1,2 C R. Assume that there exists a finite 
subset A C A such that Ci{a) = holds for every a G A \ A and every i = 1,2, and that 

r+s 

^ (Ci(a) - C2{b))Ylcos Zxa(i)ZooXb{i) = 

a,beA 1=1 

holds. Then Zla C'i('^)-^a(^oo) = Zla C'2(a)-Fa(2;oo)■ 
The proof is as follows. By the proof of [31, Theorem 4.3], we see that 

vol lJr[Zi{j)) JBr{z,^^)) VOli^rl^i(i)j JBr{z,^j^] 



holds as j ^ 00 and r -> 0, where X™.) = ZagA ^™(«) (8)Li '^'^^a(o,.o) ®(S)I=r+i c^'^^.(o,.o) ^ 
L^{T^Mi^j)). Therefore we have Claim ESIl 

Theorem I2.1H [30| Remark 4.3] and Claim |33T] yield that there exists a unique 6*00 G 
rBor(7I5R(moo)) such that for every a G A we see that (^oo, Vr^^(,)®(g)[X%i (ir^^^^^ ) (tiJoo) 
Fa{woo) holds for a.e. Woo G BR{m^). In particular 6*00 G L^_iQ^(TJi?/j(moo)). 

Claim 3.52. G LP{TlBR{m^)). 

The proof is as follows. By Theorem 12. IH Remark 12. 121 and Lebesgue's differentiation 
theorem, without loss of generality we can assume that there exist sequences {Kj}j^oo 
of Kj C and {/j}j<oo of Ij C N such that jj/j = A;(= dimMoo), Lebi^'j = Kj, 
Koo = Uj Kj and that for every e > and every z^o G K^o, there exists j := j{zoo,€) 
such that Zoo G Kj and that {(S)I=i Vra;^^,^ (g) c^'^x,,,) (u^oo)}aGAj is an e-orthogonal 

basis on (TJMoo)«;^ for every ti?oo £ -^j, where Aj := Map({l, . . . , r + s} — )■ Jj). Thus 
Proposition 12.11 yields that 

r r+s 

|5oo|'(w^oo) < (l + ^(e;r,s,n)) ^(5oo,(g)Vr,^,,) ® (g) dr,^(,))'(«;oo) 

aGAj 1=1 l=r+l 

holds for every Woo G /T,-, in particular, 15*001^(^00) < C{n,p,r, s) ZaGA \Fa{woo)\^- 



34 SHOUHEI HONDA 

Fix a sufficiently small e > 0. A standard covering argument yields that there exists 
a countable pairwise disjoint collection {BrXwi)}i such that Wi G Kj(i) where : = 
j{wi,e), B^rX'u^i) C Br^tjIoo), v{BrXwi) n Kj(^i))/v{BrXwi)) > 1 - e and that K^o \ 
Uili Br,{wi) C Ui^iv+i B^rA^i) C BR{moo) holds for every A^. Fix Nq with YI'iIno+i ^(^5n(w^i)) < 
e. Leti^^ := U2i(^,,(w^,.)nir,(.)). Note v{BR{m^)\Kl,) < {l+^H {e; n))v (i^oo \ U2i ^n(wi)) < 
\E'(e;r;,). Then Proposition 13.291 yields that 

\Soo\^dv 
1=1 -'Br;K)nx,.(i) 



<C{n,p,r,s)J2 Yl / |F,rrft; + ^(e;n,i?) 



TVo 



< C{n,p,r,s)Y Yl 

1=1 aeAun ^n'y'^i,i{m)) 



3(1) 

No 



r+s 



t=l t=r+l 



P 

(iyol + ^(e;n,i?) 



<C(n,p,r,s)^ / |5i(^)|Pdyol + ^(e;n,i?) 



<C(n,p,r,s) / 1 renvoi + ^(e;n,i?) 

>^-Bfl(»n-i(m)) 

holds for every sufficiently large m, where wi^i(rn) wi asm ^ oc. Thus by the dominated 
convergence theorem, we have Claim [3752] 

Thus we have the assertion. □ 

The next corollary follows from Proposition 13.501 and an argument similar to the proof 
of Corollary KM 

Corollary 3.53. Let e LP{T^Bii{mi)) for every i < oo with 
and Soo e L^_iQj,(TJi?/j(moo))- Assume that Si converges weakly to Soo at a.e. z^o G 
Bji{moo)- Then Soo & LP {TIB R{m^)). 

Remark 3.54. Similarly, we can prove the following: Let {{Cj,(j)j)}j be a rectifiable 
coordinate system of {Mao^v) associated with {(Mj,mj)}j, Si G L'^ {Tl B R{mi)) for every 
i < oo with supj<(^ II'S'iIIlp < c>o, and S^q G rBor(^J-Bij(moo)). Assume that the following 
hold: 

(1) {Soo, (8)1=1 V0j,a{O,oo ® (8)I=r+i c?0j,a(o,oo) € L\^^ holds for cvcry j and every a G 
Map({l,...,r + s}->{l,...,fc}). 

(2) (Si, (g)[^^ a(i),i (S)I=r+i d(l)j,aii),i) couvcrgcs weakly to (5'oo, <S)Ui V</'j,a(/),oo ® 

d(f)j^a{i),oo) at a.e. 2:00 G Cj for every j and every a G Map({l, . . . , r + s} — )■ 
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Then 5*00 € L'p {Tl B ji{m^)) . Moreover, in Pr op osit ion 13 . 7 1 1 we will prove that Si converges 
weakly to 6*00 on Bji^rrioo)- 

Definition 3.55. Assume p < 00. Let S^ e LP{T^BR{m^)) and Sij e L'^{T^'BR{mi)) 
for every i < 00 and every j < 00. We say that {Sij}i_j is an L^- approximate sequence of 
Soo if the following three conditions hold: 

(1) supi<^ ll'S'ijIlLoo < 00 for every j. 

(2) Sij converges strongly to Sooj on B^lnioo) as i — )■ 00 for every j. 

(3) ll^oo - SoojWlp as j 00. 

Proposition 3.56. Assume p < 00. For every Soo ^ L'P{TlBii{moo)) there exists an 
LP -approximate sequence of Soo- 

Proof. It is easy to check that L'^(TJ_B/j(moo)) is dense in LP{T^Bji{mao))- Thus 
without loss of generality we can assume that 6*00 € L°°. Let A := Map({l,...,r + 
s} — > {1, . . . , k}). By an argument similar to the proof of Proposition 13.481 there exists 
Koo C Bjiirrioo) such that v^B^lrrioo) \ K^o) = and that for every z^o G K^o there exist 
{C{a, Zoo)}aeA C R and {xj{zoo)}i<j<k C M^o such that for every e > 0, there exists 
r{zoo, e) > such that for every t < r{zoo, e), we see that 

r r+s TP 

Si-Y^ C{a, Zoo) Vr^^,^,,,(,^) ® (g) rfr^„(,.),{^oo) 



d\o\ < e 



agA j=l j=T+l 

holds for every sufficiently large / < 00, where zi — )■ Zoo and Xj^i{zoo) Xj{zoo) as / — )■ 00. 
Fix j G N. A standard covering argument yields that there exists a finite pairwise disjoint 
collection {BrXwi)}i<i<N such that Wi G K^o, n < r{wi,j^^), Br^Wi) C 5k("^oo), and 
V {Koo \ [jtiBrXwi]) < r'- Let Si, := E aeA,l<i<N ^ ('^' "^i) ^Br- 

<S>'j=l+idrx^(^j^ i{wi), where Wi^i — j- as / — )■ 00. Then Proposition 13.441 yields that {Sij}ij 
is an L^- approximate sequence of 5*00. □ 

Proposition 13.451 yields: 

Proposition 3.57. Assume p < 00. Let Soo G {Tl B R{mi)) and let {Sijjij, {Sij}ij 
he LP -approximate sequences of Soo- Then 



J^OO 



lim I limsup \ \Sij — 5*4^11^? ) ~ 0- 



We now are in a position to give the definition of (S) for tensor fields as in Section 1: 

Definition 3.58. Assume p < 00. We say that Tj L^-converges strongly to Too on 
BRirrioo) if 

lim I limsup ||Tj — TijU^p ) = 

j-i-oo Y i^oo ' J 

for every (or some) L^-approximate sequence {Tij}i j of Too. 
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By Proposition 13.451 and an argument similar to the proof of Corollary 13.261 we have 
the following. See also Proposition 13.701 

Corollary 3.59. Let Si g L^iTlBninii)) for every i < oo with sup^^^ \ \Si\\LP < oo. 
Assume that Si, Ti -converge strongly to So^, Too on Bji{moo), respectively. Then Si + Ti 
LP -converges strongly to Soo + T^o on B^{moo)- 

Remark 3.60. The Holder inequality yields that if Ti L^ converges strongly to Too on 
BR^moo), then Ti L'^ converges strongly to Too on Bu^nioo) for every 1 < p < p. 

By Proposition 13.451 and an argument similar to the proof of Proposition 13.271 we have 
the following: 

Proposition 3.61. Let Si e L'^{T^Bji{mi)) for every i < oo with supj<oo WSiWli < oo. 
Assume that p < oo, Ti converges weakly to Too on B^^nioo) and that Si L'^-converges 
strongly to Soo on Bji{moo). Then 

lim / {Si,Ti)dYo\ = / {Soo,Too)dv. 

The following is a direct consequence of Proposition 13.611 and triangle inequality: 

Proposition 3.62. Assume that p < oo and that Ti L^-converges strongly to Too on 
Bii{moo). Then we have the following: 

(1) Ti converges weakly to Too on Buinioo). 

(2) |Tj| L'P -converges strongly to \Too\ on BR^moo). 

As a corollary of Propositions 13.301 and 13.621 we have the following: 

Corollary 3.63. Assume that p < oo and that Tj L^-converges strongly to Too on 
BRinioo). Then limj^oo ll^ilU" = II^ooHlp- 

We give a lower semicontinuity of L^-norms with respect to the weak convergence: 
Proposition 3.64. IfTi converges weakly to Too on Bn^nioo), then liminfj^oo II^iHlp > 

I iTool |lp ■ 

Proof. First assume p < oo. Recall Ti?"^^(x) := \Tooix)\P'^Too{x) . Since \T^'^\x)\ = 
\Tooix)\P-\ we see that Ti?"^^ E L^ {T^ B R{moo)) and 

/ {Too,T^-'^)dv = llToolli, = ||Ti^-^)||i, 

hold. Let {Tij}ij be an //''-approximate sequence of t!^ ^\ Then Proposition 13.481 and 
the Holder inequality yield that 

lim / {Ti,fij)dvgl= / {Too,foo,j)dv, 
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lim [ {T^,f^,j)dv= [ {T^,T^-'^)dv = \\T, 

/ {Ti,fij)dYOl< \\Ti\\Lp\\fij\\Li 

J Bn(mi) 



P 

oo \ \ LP 1 



BRirrii) 

hold, llTijIli? — )■ ||Tooj||l9 holds as i — )■ oo, and that UToojHl? \\t!^ = WTooWlp 

holds as j — 7- oo. Therefore we have 

1 1 Too 1 1 ^t'' lim inf 1 1 Til I LP > ||Too||^p. 

i— >-oo 

Therefore we have the assertion for the case p < oo. 

Next assume p = oo. By considering rescaled metrics R~'^gMi, without loss of generality 
we can assume that vol -B/j(mj) = 1 holds for every i < oo. Then since ||Tj||ioo > ||Tj||j;^p 
holds for every p < oo, we see that liminfj^oo ||^j||L°° > H^ooHlp holds for every p < oo. 
Letting p — )■ oo gives the assertion for the case p = oo. □ 

Remark 3.65. It is easy to check that for p < oo, if (Mj, m,;, vol) = {Moo,iti^,v) 
and ipi = iduoc hold for every i < oo, then Tj L^-converges strongly to T^a on Bji{m^) 
with respect to the convergence (Mqo, moo, ^ '^"^."^"^ (Moo, n^oo, if and only if | |Tj — 
Too\\LP{BR(moo)) ~^ 0- Compare with Remark [3.361 

Proposition 3.66. Assume p < oo. Then Ti L^-converges strongly to Too on 5/{(moo) 
if and only if the following two conditions hold: 

(1) limsupi_,oo llTilliP < ||Too||lp. 

(2) Tj converges weakly to Too on Bf({moo). 

Proof. First we recall Clarkson's inequalities: 

Claim 3.67. Let v,u eRK 

(1) Ifp < 2, then \u + v\'^ + \u - < 2{\u\p + \v\Py-\ 

(2) Ifp > 2, then \u + v\p + \u - v\p < 2p~Wu\p + \v\p). 

The proof is as follows. It is known that Claim [3^671 holds for 1 = 2. See for instance the 
proof of Clarkson's inequalities [T2l Theorem 2]. Since there exists an isometric embedding 
linear map from span{M,f} to R^, we have Claim [3l671 

The next claim follows from Claim 13.671 and an argument similar to the proof of Clark- 
son's inequalities Theorem 2]: 



LP) 



Claim 3.68. Let T,S e LP{T^BR{m^)). 

(1) Ifp < 2, then \\T + S\\% + ||T - S\\% < 2{\\T\\% + \\S\\ 

(2) Ifp > 2, then \\T + S\\% + ||T - S\\% < 2^'-i(| |T| + \\S\\%). 

Then Proposition 13.661 follows from Claim 13.681 and an argument similar to the proof 
of Proposition 13.311 □ 
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Proposition 3.69. Let Si e L°°(T^BR{mi)) for every i < oo with sup^^^ 1 15*^1 |loo < 
oo. Then Si converges strongly to S^o on Bfi{moo) if and only if Si L^-converges strongly 
to Soo on BjiijUoo) for some (or every) \ < p < oo. 

Proof. It suffices to check 'if part. Assume that Si L'^-converges strongly to S^o on 
-Bi?(moo) for some p. Then Propositions 13.32] and [3^62] yield that Si converges weakly to 
5*00 on BR^rrioo) and that l^il converges strongly to l^ool at a.e. Xoo G i?/j(moo)- Thus 
Propositions 13.111 gives that l^jp converges strongly to l^oop at a.e. Xcx> G Bji{moo). 
Therefore the assertion follows from Proposition 13.171 □ 

We now prove Theorem 11.21 
A proof of Theorem 

This is a direct consequence of Propositions 13.44 1 and 13.691 □. 

Proposition 3.70. Let f,s e Z>o and Si e L°^{TfBR{mi)) for every i < oo with 
suPi<oo ||'S'i||L°° < CO- Assume that p < oo, Ti L'^ -converges strongly to T^o on Bjiimao) 
and that Si converges strongly S^o at every z^o G B^iim^). Then we have the following: 

(1) If r = f and s = s, then {Si,Ti) -converges strongly to {Sod, Too) on i?/j(moo)- 

(2) Si (g) Ti L''' -converges strongly to Sod ® Too on Bji{moD)- 

(3) If f <r and s < s, then Tj(S'j) L'^ -converges strongly to Tod{Soo) on Bjiinioo)- 

(4) If r < f and s < s, then Si{Ti) L'^ -converges strongly to (Too) on 5/j(moo). 

Proof. This is a direct consequence of Proposition 13.451 □ 

We end this subsection by giving the following compatibility result which performs a 
crucial role in the next section. 

Proposition 3.71. Let {(Cj, he a rectifiable coordinate system of {Mod, v) associ- 
ated with {{Mi, mi)}i, and A C BR{moo)- Assume that {Ti, (g)[^^ '^(pj,aii),i^<S>'i=r+i 
converges weakly to {Tod, 01=1 V0j,a(/),oo®(8)[=r+i #j,a(0,oo) at a.e. Zod G QflA for every 
j and every a G Map({l, . . . , r + s} {1, . . . , k}). Then Ti converges weakly to Too at 
a.e. Zoo G A. 

Proof. Proposition l3.45l yields that (S)[=i V<^j,a(z),j®(S)/'=r+i (^^jMi),i converges strongly 
to <S>'i=i V0j,a(o,oo ® (S)I=r+i d4>jMi),'^ ^'^^ G Cj H A for every j and every a. Let 
Ki be the set of Zoo G Br (moo) satisfying that there exists Zi — )■ Zoo such that 



holds for every t < 1 and every z < oo. See also the proof of Proposition 13221 Note that by 



13.451 without loss of generality we can assume that for every j and a.e. Zoo G Cj flA there 




the proof of Proposition l3.50l (or Proposition 1322]), we see that v{B R{moo)\K i) holds 
as L — !■ oo. Let {xi}i<i<r+s G Moo. By an argument similar to the proof of Proposition 
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exists {C(a, j, -2oo)}a C R with \C{a,j, z^)\ < C{n) such that for every e > there exists 
r := r(zoo, jjc) > such that 



1 



r+s 



and 

hm sup 



«=1 



i=r+l 



r+s 



/=r+l 



dv < e 



c?vol 



r+s 



Too, 09 



dv 



< e 



v{Bt{z^)) Jb,(^^^^ ^ ^^^^^ 
hold for every t < r and every a. Moreover by Proposition 13 .451 without loss of generality 



we can assume that for every t < r 

r r+s 



vol Bt{Zi) Jb^(z,) 



r+s 



1=1 



Vr.,, ® (g) rfr,,,, - J] C(a, j, 2:00) (g) V0 j,ail),i ® "'Vj,a{l),i 

a 1=1 l=r+l 



l=r+l 



dvol < e 



holds for every sufficiently large i. Then for every j, a.e. Zoo £ C'j H A fl i^j;^ and every 
t < r{zoo,j,e), the Holder inequality yields that 

r r+s 

Ti,(9)Vr,,,® 



vol5t(2;i) 



«=r+l 



r+s 



vol 5, 



«, J, 2:00) 09 V0j,a(o,i ® 09 ^'^jxo.i ) ^^o^ =t ^(^; ^) 

1=1 l=r+l 

r+s 



1 



/ (Too,^C{a, j, Zoo) (g) a(/) 

JBtizoo) \ a 1=1 



.,00 '<y v/v -V^j,a(/),oo / c/t; ± ^(e;n, L) 

l=r+l 



r+s 



Too,Os)Vr,. 

1=1 



dvxi ) dv ± \E'(e; ra, L) 



l=r+l 



holds for every sufficiently large i, where xi^i — )■ xi. Thus Tj converges weakly to Too at 



a.e. Zoo & Cj r\ A n K^. Therefore we have the assertion. 



□ 



3.2.4. Contraction. Let Tj G W {Tl B Rirrii)) for every i < 00 with L := supj<oo ||Ti||LP < 
00. Assume p < 00. 

In [8] Cheeger-Colding showed that the following four conditions (called noncollapsing 
conditions) are equivalent: 

(1) 7^„, ^ 0. 

(2) T^j = for every i < n. 

(3) There exists z/ > such that voli?i(mj) > holds for every i < 00. 

(4) dim/fMoo = dim Moo = 't-, where dimn is the Hausdorff dimension. 
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Note that if a condition above holds, then (Mj,mj,vol) {M^,moo, H"-), where if" is 
the n-dimensional spherical Hausdorff measure. See [H Theorems 5.9 and 5.11] for the 
details. 

The following is an essential tool to prove (1) of Theorem 11.51 

Proposition 3.72. Let A c Bji{moo)- Assume that {M^,moo) is the noncollapsed 
limit space o/{(Mj,mj)}j and that Ti converges weakly to T^o at a.e. z^o G A. Then C^Ti 
converges weakly to C^T^o at a.e. Zoo E A for every < a <b. 

Proof. We will give a proof of the case for s = 0,a = l,b = r = 2 only because the 
proof of the other case is similar. Let Tj = on Mj \ Bfi{mi). For every L > 1, let 
be the set of Zi G BRirrii) such that 

1 



Y0\Bt{Zi) Jb 



holds for every t < 1. Then [30l Lemma 3.1] yields vol Ki ./vol Buim^ > 1-^(L-^; n, i?, L). 
Let be a compact subset of Ki- with vol Ki -/vol Buirrii) > 1 — '^{L^^;n,R,L). 
Without loss of generality we can assume that there exists limj_j,oo Ki • C Buirrioo). Note 
that by [30, Proposition 2.3], we have v{}mii^ao Ki ^ / v{Bii{rn^)) > 1 — "^{L^^-jU, R, L). 

On the other hand, by Theorem 12. IH there exist a sequence {-ft'jjjgN of Kj C M^o 
and {x^}i<i<„jgN C Moo with LebJ^j = Kj and Kj C Moo \ Ur=i such that t;(Moo \ 

i 

UjKj) = and that for every Zoo G [jjKj and every e > 0, there exists j := j(zoo,e) 
such that 2:00 € Kj and that {dr^j{wQo)}i is an e-orthogonal basis on T*^Moo for every 
Woo e Kj. Let Ki^ := lim^^oo K^ . n K^^ n [j. Kj. 

Fix L > 1, Zoo E Ki n A and e > 0. Let j := j(-2oo, e), {xi := xl}i as above. Then there 
exists r > such that for every t < r we see that 

\{dr^^,drr,^) - 6im\dv < '^{e;n) 



v{Bt{z^)) Jb,[,^) 
holds for every m, and that 

^(fik)) ? I 

< e 

holds for every sufficiently large /, where zi{e K^^ — )■ 2:00 and Xi^i — )■ Xj. Fix t > with 
t < r. By Proposition 13.441 we see that 

— r^-^ — r / \{drx.,,drx ,) — 6im\ dvol < "^ie-.n) 

holds for every sufficiently large / < 00. Let At^i := {y G Bt{zi); \ {dr^^^,dr^^^){y) - Sij\ < 
\l/(e;n) holds for every i,j.}. Then we see that vol At 1/ vol Bt{zi) > 1 — \E'(e;n) holds for 
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every sufficiently large / < oo. The Holder inequality yields that 
< <i/{e;L,n,p) 

and 



1 



Tr T/c? vol 



1 



TrTjdvol 



hold for every sufficiently large / < oo. On the other hand, (1) of Proposition 12.11 yields 



— ; — r / Tiidr^ ,,drx ,)dYo\ ; ; — - / TrT;(ivol 

3t(^z)4,Y voli?,(;20 4, 



volH 



Since L and e are arbitrary, we have the assertion. 



< *(e;L,n,p). 



□ 



Remark 3.73. Note that Proposition 13.721 does NOT hold for collapsing case. For 
instance if M^o is collapsed, then for every z^o G M^o, Tt gMi{= n) dose not L^-converge 
weakly to Ti gM^{= k) at z^o- 

On the other hand, for L'^-strong convergence we have the following without the non- 
collapsing assumption: 

Proposition 3.74. Assume that Tj -converges strongly to on Bji{m^). Then 
C^Ti L^-converges strongly to C^T^ on BR{m^) for every < a < b. 

Proof. We will give a proof of the case for s = 0,a = l,b = r = 2 only. By Definition 
I3.58l and Proposition [XSH without loss of generality we can assume that Tj G L°°{Bji{mi)) 
for every i < oo with Li := supj<(^ ||Tj||2,oo < oo and that Tj converges strongly to T^o on 
Bji{m^). 

Let k := dimMoo. Theorem 12.111 yields that there exist a sequence {i^'jjjgN of Kj C 
Moo and {x^}i<i<fcjeN C Moo such that Lebi^'j = Kj, Kj C Moo \ [ji=iC j, v{Moo \ 

i 

[jj Kj) = and that for every Zoo G [jjKj and every e > there exists j = j{zoo,e) 
such that 2;oo G Kj and that {dr^j{woo)}i is an e-orthogonal basis on T^^M^ for every 
Woo e Kj. 

Fix e > and Zoo € \J-Kj. Let j := j{zoo,e) as above. Then an argument similar to 
the proof of Proposition 13.721 yields that there exists r > such that 

„(b]z )) [ J2('^oo{dr^i,dr^^))' - \n 



dv < \I'(e; n, Li] 



holds for every t < r. Fix t > with t < r. Then Proposition 13.451 vields that 

k 



vol Bt{zi) Jb^ 



Effi(*.,*.))^-|T,| 



dvo\ < \I^(e; n, Li) 
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holds for every sufficiently large / < oo, where x^i — )■ x*. Thus (2) of Proposition 12. II and 
an argument similar to the proof of Proposition 13.721 yield that 

' / 

vol Bt{zi) Jb,(z,) 

holds for every sufficiently large I < oo. Therefore we see that TrT; converges strongly to 
TrToo at 2:00- Thus we have the assertion. □ 

Remark 3.75. Let R > and let Ai be a Borel subset of BR{mi) for every i < 00 
satisfying that 1^^ converges strongly to at a.e. Zoo E i?/j(moo). For a sequence 
{Si}i<oo of 5*^ G L^iT^'Ai), we say that Si L^-converges strongly to Soo on A^o if lAiSi 
L'^-converges strongly to l^oc'S'oo on BR{m^). Then we can get several properties for this 
convergence similar to that given in this section. 

Remark 3.76. Let n G N, G R and let {(l^i, i'j)}i<oo be a sequence of {n,K)- 
Ricci limit spaces with {Yi,yi,Vi) CKoo, l/oo, t^oo), -R > and G LP{T^BR{yi)) for 
every i < 00 with supj<3o ll^ilU'' < Then similarly, we can also consider L^-weak or 
L^-strong convergence Tj — Too and show several properties similar to that given in this 
section. 

4. Applications. 

4.L Convergence of Sobolev functions. In this subsection we consider the same set- 
ting in the previous section again: 

(1) {Moo,moQ,v) is the (n, — 1)-Ricci limit space of {(Mj, mj, yol)}j<oo with Mqo 7^ 

{"^oo}- 

(2) R>0,1 <p<oo. 

Let k := dimMoo. A main result of this subsection is Theorem 14.91 

Theorem 4.1. Let Xi g U'{TBR{mi)) for i < oo with 

SUPj<oQ 1 1 Aj I < OO- 

Assume that Aj G ^'^(div— , Bji{mi)) for every i < 00 with supj^^ | |div— Aj| |lp < 00, and 
that Aj converges weakly to X^o on i?/j(moo). Then we see that X^o G '^^(div'^, S/j(moo)) 
and that div— Aj converges weakly to div'^Aoo on Bf>{mao)- 

Proof. Proposition 13.191 yields that there exist a subsequence {i{j)}j and G 
If {B ji{mao)) such that div— Aj(j) converges weakly to hoo on Bji{moo)- Let /oo be a 
Lipschitz function on Bji{m^) with compact support. By [30] Theorem 4.2], without loss 
of generality we can assume that there exists a sequence {/j(j)}j<oo of Lipschitz functions 
/j(j) on i?/j(mj(j)) such that sup^ Lip/j(j) < 00, every /j(j) has compact support and that 
{fi(,j)^dfi(j)) if 00, df 00) on BR{moo). Since 

/ (V/j(j), AjQ))c/yol = - / /,(j)div— AjQ)dyol, 



yndr 



dr 



-trT, 



dvol < ^(e; n, Li] 
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by letting j — )■ oo, we have 

/ {Vfoo,X^)dv = - foohoodv. 

In particular we have G ©^(div", i?ij(moo)) and h^o = div"Xoo. The uniqueness of 
div^Xoo yields that div— Xj converges weakly to div"Xoo on Bji{moo)- □ 

Remark 4.2. In general, L^-strong convergence Xj — )■ X^o does NOT imply L^-strong 
convergence div^Xi ^ div^Xoo. We give a simple example: Let gn be as in Remark 13.101 
and put 

fn{t) := / gn{x)dxds 
Jo Jo 

on (0, 1). Then for every 1 < p < oo we see that V/„ L^-converges strongly to on (0, 1) 
and that A/„ does not L^-converge strongly to on (0, 1). 

Remark 4.3. Let U be an open subset of M^o, X G Vl^^{dw^,U) and / a Lipschitz 
function on U with compact support. Then we see that fX G Vl^^{dw",U) and that 
div'^(/X) = fdiv^X + gM^^i'V f, X) holds. Compare with Proposition 12.61 It is easy to 
check that if X has compact support, then 

[ {X,Vg)dv = - I gdiY^'Xdv 
Ju Ju 

holds for every locally Lipschitz function g on U. 

The following theorem is a key result to prove Theorem 11.31 

Theorem 4.4. Let Xj G WiTBRinii)) for every i < oo with supj<oo | |Xi| I^p < oo, 
1 < p < oo and hi G Hi^p{Bji{mi)) for every i < oo with sup^^^ \ \hi\\Hip < oo. Assume 
that the following hold: 

(1) q < p, where q is the conjugate exponent of p. 

(2) Xj converges weakly to X^o on B^{moo)- 

(3) Xj G V^{diY—, Bji{mi)) holds for every i < oo with supj^^^ ||div— XjH^p < oo. 

(4) hi converges weakly to h^o on BR{m^). 

Then 

lim / (X., Vhi)dvol = / {Xac,Vhoo)dv. 

Proof. Let e > OandL := supj(| |Xi| + | |/;,j| 1^^^ ^). Then [TJ Theorem 6.33] yields that 
for every z < oo there exists a C°°-function (pl on Mi such that < 0- < 1, supp(0j) C 
BB-e{mi), (pt\BR_2,im,) = 1 and Lip0^ + ||A0^||ioc < C{n,R,e). By Proposition 
without loss of generality we can assume that there exists a Lipschitz function 0^ on 
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Moo such that 0^ — )■ 0^ on M^o- Note that Proposition 13.391 yields that hi L^-converges 
strongly to h^o on BR^nioo)- Corollary I3.26[ Proposition 13.271 and Theorem 14.11 yield 

f (Xi, V(0./ii))rfvol = - /" div^Xi0,^MYol 

J BR{mi) J Bji{mi) 

- / div"Xoo0L/loorfl^ = / (Xoo, V(0:,/loo))c?t^. 

On the other hand, Propositions I3.27[ 13.481 and 13.611 yield 

[ (X„V0,^)Myol^ [ {X^,vrjh^dv. 

JBr/ims) J Bnimr^') 



Since 



/ {Xi,W{(t)\hi))dYo[= [ (X,,V0^)Myo1+ / (Xi,V/i,)0,^rfyol 

JBRim,) JBRimi) J Bnim,) 

holds for every i < oo, we have 

J Bji{mi) J Bnimoo) 

The Holder inequality yields that 

j 0^(X„V/zi)rfvol- I (X„V/ii)rfyol 

JBji{mi) J Bairn aa) 

<( [ \l ~ (i)t^X^\^dvoi \ ' ( [ \Vhifdvol) '"^ 

\JBn{m,) J KjBRim,) J 

/ r \ 1/(9") / p \l/p 

< / |1 -0'|''"c^yol / \Xi\Pdv] L 

< (yol(5^,K) \ Bn-2e{m,))f^'''^ < ^{e;n,L,R,p,p) 

holds for every z < oo, where a is the conjugate exponent oi p/q > 1. Therefore since e 
is arbitrary, we have the assertion. □ 

Corollary 4.5. Assume p < oo. Let hi G Hi^p{Bii{mi)) for every i < oo with 
suPj<oo \ \hi\\H-i_ p{BR(mi)) < oo. Assuuie that hi converges weakly to h^o on Bjiirriao)- Then 
dhi converges weakly to dh^o on Bji^nioo)- In particular, liminfj__^oo I — 

\\dhoo\\LP(BR(moo))- 

Proof. Let x^o G Bfi{moo), r > with Br{xoo) C Bfj{moo), and let fi be a harmonic 
function on Br{xi) for every z < oo with supj<oo Lip/j < oo, where Xi — )■ Xoo, and 
/oo a Lipschitz function on Br{xoo) with fi — )■ /oo on Br{xoo)- Then Theorem 14.41 and 
Proposition 13.471 yield 

lim / (dfi, dhi)dvo\ = / {df^,dh^)dv. 
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Thus Theorem 12.101 and Proposition 13.711 yield that dhi converges weakly to dh^o on 



The following corollary is a refinement of a main theorem of [30]. Compare with [5U| 
Definition 4.4 and Corollary 4.5]. 

Corollary 4.6. Let fi be a Lipschitz function on BR{mi) for every i < oo with 
supj<oo Lip/j < oo and fi — > /oo on Bii{m^). Then we have the following: 

(1) //{|(i/ip}i<oo is upper semicontinuous at z^o € BR{m^), thendfi converges strongly 
to dfao at z^ . 

(2) If fi e C'^{BR{mi)) holds for every i < oo with supi^^\\Afi\\Li{Bn(m,)) < oo, then 
dfi converges strongly to df^o on Bfi{m^). 

Proof. (1) is a direct consequence of Corollary 14.51 (2) follows from (1) and [30| 
Proposition 4.9]. □ 

The assumption of uniform L^-bounds as in (2) of Corollary 14. 6 1 is sharp in the following 
sense: 

Remark 4.7. Let gn be a smooth function on R as in Remark 13. 101 and 



on (0, 1). Then it is easy to check the following: 

(1) sup„gN LipGn < oo. 

(2) G„^Oon (0,1). 

(3) 1 1 AG^ 1 1^1 ((0,1)) oo. 

(4) dGn converges weakly to on (0, 1). 

(5) For every t G (0, 1), dGn dose NOT converges strongly to at t. 

Remark 4.8. Let hn be a smooth function on [0, 1] satisfying that /in|[i/n+i/n2,i] = 0, 
\hn\ < 1, |V/?-„| < n and that hn{s) = —ns + 1 holds for every s G [0, l/n]. Put 



on (0, 1). Then it is easy to check the following: 

(1) SUp„<oo(Lipi^n + ll^^nlU- + ||Aiy„||il((o,i))) < OO 

(2) Hn^Oon (0,1). 

(3) \\AHn\\LPi{o,i)) oo for every p > 1. 

(4) dHn converges strongly to on (0, 1). 



Br^UIoo)- 



□ 





We now give a compactness result about Sobolev functions with respect to the Gromov- 
Hausdorff topology. Compare with Proposition 13.391 
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Theorem 4.9. Assume p < oo. Let hi G Hi^p{BR{m,i)) for every i < oo with 
suPj<oo ll^ill-ffi.p < Then there exist h^ G Hi^p{Bji{moo)) and a subsequence 
of {hi}i such that hn^j^^ -converges strongly to h^ on i?^(moo) and that dhi(^j) converges 
weakly to dh^o on Bfj{moo)- In particular liminfj^oo IM^jO)||-Lp ^ |M^oo||lp- 

Proof. Let T := supj^g^ 11/1^11^^^^. Proposition 13.391 yields that there exist /iqo ^ 
LP{Bji{moo)) and a subsequence of {hi}i such that hi^) L^'-converges strongly to 

hoc on Sij(moo). 

Claim 4.10. Let r > and z^o G Bji{m^) with B^ri^oo) C Bfi{m^). Then we see that 
hoo\Br{z^) £ Hi,p{.Bj.{zao)) and that dhiQ) converges weakly to dh^o on Br^z^o)- 

The proof is as follows. Proposition 13.381 yields that for every j < oo and every 
L > 1, there exists an L-Lipschitz function {hi(^j))L on Br{zi(^j)) such that — 
ihi{j))L\\Lp{Br{z,y^)) < ^(^~^n,i?,T) and ||(/ii(j))L||//i,j, < C{n,R,T), where Zi(^j) z^. 
By Proposition 13.31 without loss of generality we can assume that there exists an L- 
Lipschitz function (/Ioo)l on Br{zoo) such that {hif^j))^ — )• (/Ioo)l on _Br(-2oo)- Corol- 
lary SSI yields that ||(/ioo)l||j/i,p < liminfj^oo ||(/ii(i))L||//i,p < C{n,R,T) and ||/ioo - 
(/ioo)L|Up(i?,(2^)) = linij^oo - (/ii(i))L||Lf(B,(2,(,))) < ^(L~^;n,i?,T) hold. Thus by 
letting L oo, we have hoo G Hi^p{Br{zoo))- Then Claim 14.101 follows directly from 
Corollary 14.51 

By Claim |4]T0l for every r < it is easy to check that /ioo|B,.(moo) ^ -f^i,p(-Br(?^oo)) 
and that c?/ij(j) converges to dhao on B^{moo)- On the other hand, Corollary 14.51 yields 
\\dhJ\\Lv{Br{m^)) < liminfj^oo IM^iO)l|Lp(i?fl(moo)) foi' every r < i?. In particular, we have 
\\dhJ\\LP(BR{:m^)) < oo. Note that 

i^i XX / ^oo - XX / h^dv dv < tC{n,R) ( ^ /" |c//ioorc^t^) 

JstW v{Bt{x)) Jb,(^) \v{Bt{x)) Jb,(^) J 

holds for every Bt{x) C Bji^moo)- Thus (the proof of) [28, Theorem 1.1] yields h^o G 
Hi,p{BR{moo)). Therefore we have the assertion. □ 

Remark 4.11. As a corollary of Theorem 14.91 we have the following: Define Ef : 

LP{Bn{m,)) ^ R>o U {oo} by 



Efif) := I M/I^rfvol 



if / G Hip{Bji{mi)), Ef{f) = oo if otherwise. Then Ef compactly converges to E'j^ in the 
sense of Kuwae-Shioya (see [lOl Definition 4.5] for the precise definition). Kuwae-Shioya 
proved this result for the case p = 2. See |10l Corollary 6.3]. 



We end this subsection by giving the following 'Sobolev-embedding' type theorem: 
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Theorem 4.12. Assume p < oo. Let fi G Hip{Bji{mi)) for every i < oo with 
suPi ||/i||//i,j,{ijfl(m,)) < oo. If fi,dfi LP-converge strongly to foo,df^ on Bji^m^), re- 
spectively, then fi LP -converges strongly to f^o on Bjiirriao) for some p := p{n, R,p) > p. 

Proof. Let r < R and L := sup^ \ \fi\\Hi,p(BR{mi))- Since the space of locally Lipschitz 
functions on Bn^rnoo) in Hi^p{BR{moo)) is dense in Hi^p{Bfi{moo)), by [301 Theorem 4.2], 
without loss of generality we can assume that there exists a sequence {/i}j<oo of Lipschitz 
functions fi on S^(mi) such that fi,dfi L^-converge strongly to foo\Br{moo)i d{foo\Br{moo)) 
on Br{moo), respectively. Then the Poincare inequality of type yields that 



1 



f^-f^- ^ / if^ " /O^Vol 



vol Bfix 



< tC{n,R) f . / |V/. - Vfil^dvol) 

\^o\ Bt[Xi) J B,{x,) J 



Btixi) 

\ 1/P 



(ivol 



t(Xi) 

holds for every z, every Xi G Br{mi) and every t > with Bt{xi) C Bj.{mi). Thus the 
Poincare-Sobolev inequality Theorem 1] yields 




V0li?r-(n^,- 



/" (/•, - /,)rfvol 

>/ _Br (rrii ^ 



(ivol 



' Br {vrii ) 

iv/.-v/.rrfvoi 

for some p := p{n, R,p) > p. Thus by letting i — )■ cxd, we see that fi L^-converges strongly 
to /oo on Brijn^). Note that an argument similar to that above yields sup, | |LP(_Bfl(mi)) < 
C{n,p, R, L). Let p := p{n,R,p) with p < p < p. Then the Holder inequality yields 
ll/i||LP(Bfl(m,)) = ll/i|lL^'(i3r(mi))±^(^-'";'^,^,^,p) foreveryz. Thus we have lim^^oo | lLP(BH(m,)) 
\\foo\\LP{BR(mao))- Therefore Proposition 13.311 yields the assertion. □ 

4.2. p-Laplacian. In this subsection we discuss a convergence of p-Laplacians with re- 
spect to the Gromov-Hausdorff topology. We will always consider the following setting 
similar to that in subsection 4.1: {Moo,moo,v) is the Ricci limit space of {(M,;, rrii, vol)},; 
with Moo 7^ {^oo}, R>0, l<p<oo and q is the conjugate exponent of p. 

Proposition 4.13. Let r,s e Z>o and Ti e LP{TlBR{mi)) for every i < oo with 
suPj<oo I |lp < OO- Assume that Ti L^-converges strongly to Too on BRijUoo)- Then 
rp(p 1) 1^1. converges strongly to T^ on Bji{moo)- 

Proof. For L > 0, let Ki be as in the proof of Proposition 13.721 Let Xoo G 
satisfying that 

lim / ||Toor^-(|Too|(xoo)r^|cit; = 



48 SHOUHEI HONDA 

holds. Let c := \T^\{xoo)- For every e > there exists Tq = ro(e) > such that 



v{Bt{Xoo)) jBt(x^) 



holds for every t < tq. Fix e > and t < ro(e). Since |Ti|^ ^ i7-converges strongly to 
l^'ool^"''^ on Bji{moo): where p := p/{p — 1) > 1, we see that 



vol Bt{xi) Jb, 



f II 




'Bt{xi) 





dvol < e 



holds for every sufficiently large i, where Xi — )■ x^ 
oi xii G Mi with xn ^ Xi^. If c = 0, then 



Let {xi^i}i<i<r+s,i<oo be a collection 



r+s 



T 



l=r+l 



< 



vol Bt{xi) Jb,^^.) 



\TAP-^dvo\ < e 



holds for every sufficiently large i < oo. In particular Tj^ converges weakly to 
at Xqq. 

Next we assume c ^ 0. Let A{t,i) := {y E Bt{xi); \\Ti{y)\P-'^ - d'-'^\ < e^/^}. Then we 
see that vol A{t,i)/ vol Bt{xi) > 1 — e^/^ holds for every sufficiently large i < oo. On the 
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other hand, the Holder inequahty yields that 

^ ~ I r r+s \ 

t/^"'\ (K) Vr,, ^ ® (9) dT^,\<ho\ 



IV V J t!t(x,) \ l=r+l 



Tt'\®^r.^,.® ® dr.,^ ) dvo\ 



VolBtiXil J Aiii\ , 



vo\Bt{xi) J \vo\Bt{xi) Jb,(x,) 



YOl Bt[Xi) J A^t^,) \ Z=l ' 7 

— / c^"'(T„(g)Vr,,,® dr,,\dyo\±^{e-n,L,c,p) 
^77^ — /" (^~^ (T„(^Vrx, ^ 6d dr^, ) dv ±'^(e]n,L,c,p) 
^77^^ / c^'-7Too,(g)Vr.,^® dr,\dv±^{e-n,L,c,p) 

V[I^t{Xoo)j JA{t,oo) \ ,jr^-, / 



1=1 l=r+l 
r+s 



(=1 «=r+l 



holds for every sufficiently large i < oo, where q is the conjugate exponent of p. Thus we 
see that t/p"^^ converges weakly to rio at Xod ■ Therefore Corollary 13.491 yields that 
t/^ converges weakly to t!^ on Bulrrioo)- On the other hand, since 

lim [ |t/^"^7^^vo1 = lim [ |Ti|*'c/yol 




the assertion follows from Propositions 13.6^ □ 

Remark 4.14. Note that in general the L^-weak convergence Tj — T^o on Bulrrioo) 
does NOT imply the L^-weak convergence T'f^^^ — Ti?~^^ on Bji{m^). For example 
let Qn be a smooth function on R as in Remark 13.101 and cjn '■= (7„ + 1. Then since 
gli^ = [gnY + 2gn + l, Remark [3 . 1 01 yields that gii^ converges weakly to 1/3 + 1 = 4/3(7^ 1) 
on R. 
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For / e H,^p{BR{m^)) with {VfY^-^'^ G P'?(div^ Bn{m^)), let A;f := -dw^iVfY^-'^ G 
L'?(5«(moo)). 

Theorem 4.15. Let fi e Hi^p{Bii{mi)) for every i ^ oo ifzi/i supj^^^ | |/^-^ < oo. As- 
sume that (V fi)^^^^^ G P^(div", i?i^(mi)) holds for every i < oo wi/isupj^^^ 1 1 A^/j| |2,9(B^(mi)) < 
oo and that fi,'Vfi W -converge strongly to /oo, V/oo on Bn^m^), respectively. Then we 
see that CVfoo)^^^^^ G {div'" , Bji^nioo)) and that A^/j converges weakly to A^foo on 
BR{m^). 

Proof. The assertion follows from Theorem 14. II and Proposition 14.131 □ 

We now are in a position to prove Theorem 11.61 
A proof of Theorem \1.6[ 

We start by introducing the following claim proved by Wu- Wang-Zheng in [59]: 

Claim 4.16. P, Lemma 2.2] Let {X,u) e M{n,d, K) and f G Hi^p{X). Then for 
t G R the following two conditions are equivalent: 

(1) ||/ + i|Uf = niin^eR||/ + s||LP. 
(2) 

I (/ + t)(P-i)c/z/ = 0. 
Jx 

Moreover there exists a unique Sq G R such that || / + So||lp = mins^R || / + s||lp. 
Denote Sq as above by X). As a corollary, we see that the set 

|/GiJi,p(X);/^0,^/(*'-i)f/z/ = o| 
is not empty if X is not a single point. 

Claim 4.17. Let (X, z/) G Ai{n,d, K). Assume that X is not a single point. Then 
there exists f G Hi^p{X) such that = 1? ||V/||^p = Ai,p(X) > and 

I f(p-^)du = 0. 
Jx 

The proof is as follows. Let {/i}j<oo C Hi^p{X) satisfying that ||/j||LP = 1, ||V/i||^p — )■ 
\ip{X) and 

/ ft'^du^O. 
Jx 

By Theorem 14. 9^ without loss of generality we can assume that there exists / G Hi p{X) 
such that fi L^-converges strongly to / on X and that V/i converges weakly to V/ 
on X. Thus we have = limj^oo | |lp = 1- Proposition 14.131 yields that f^^ 

//''-converges strongly to f^P~^^ on X. In particular we have 

/ /(P-i)rfz/ = hm / ft~'^du = 0. 
Jx Jx 
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Thus by the definition of Ai^p(X), we have ||V/||^p > Ai^p(X). On the other hand, 
Proposition 13.641 yields hminfj_>oo ||V/j||LP > ||V/||lp. Thus we have ||V/||^p = Ai^p(X). 
Finally we will prove Ai^p(X) > 0. Assume Ai^p(X) = 0. Then since ||V/||lp = 0, the 
Poincare inequality yields that / is a constant function. However since 

||/|U. = land / f^P-^Uiy = 0, 
J X 

this is a contradiction. Therefore we have Claim 141171 



Let {(Xj, z/j)}j<oo C M.{n,d,K). Assume that (Xj, z/j) G Ai{n,d, K) for every i < oo 
and that (Xj, z/j) Gromov-Hausdorff converges to (Xqo, z^oo)- It suffices to check limj_j.oo Ai^p(Xj 

Al,p(Xoo). 

If Xoo is a single point, then Naber-Valtorta's sharp estimates [HI Theorem 1.4] (or 
the proof of Corollary 14. 19p yields Ai,p(Xj) — )■ oo = Ai,p(Xoo). Thus we assume that Xoo 
is not a single point. 

First we will check limsupj^^^ Xi^p{Xi) < Ai_p(Xoo). Let f^o G Hi,p{Xoo) satisfying that 
II/ooIIlp = 1, ||V/oo||lp = Ai,p(Xoo) and 



OO 



Since the space of Lipschitz functions on is dense in ifip(Xoo), by [301 Theorem 4.2] 
without loss of generality, we can assume that there exists a sequence {/j}j<oo of Lipschitz 
functions fi on Xj such that /«, V/i L^-converge strongly to /oo, V/oo on Xoo, respectively. 
Then we have \s{fi,Xi)\ = \\s{fi, Xi) + fi- fiW^p < \\s{fi, Xi) + fi\\LP + \\fi\\LP < 2||/i||LP < 
3 for every sufficiently large i < oo. Therefore without loss of generality we can assume 
that there exists Soo G R such that s{fi,Xi) — )• Soo- 

Claim 4.18. Soo = 0. 

The proof is as follows. Since s{fi,Xi) is the minimizer, we have \\fi + s{fi, Xi)\\LP < 
WfiWip- Letting i -H- oo gives | |/oo + Sool Up < ||/oo||lp- Since 



^ XoD 



Claim WT6\ yields ||/oo||lp < I |/oo + Sool Thus by the uniqueness of the minimizer as 
in Claim 14.161 we have Claim 14.181 
By Claim 141181 we have 



\vifi + sifi,xM% ^ mo 

i->oo \\fi + s{fi,Xi)\\lp WfooWLP 



hmsup Ai,p(Xj) < hm ..^ , p — = ,,p = Ai,p(XooJ 



Next we will show liminfj_^oo Ai,p(Xj) > Ai,p(Xoo). For every z < oo, let gi G Hi^p{Xi 
satisfying that H^'illip = 1, W'^dillLP = ^^lA^i) 

gf^du, = 0. 
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Since limsup^^^ Xi^p^Xi) < Ai^p(Xoo) < oo, by Theorem 14.91 without loss of generahty 
we can assume that there exists g^o G Hi^p{Xoo) such that Qi L^-converges strongly to 
goo on and that Vgi converges weakly to Vf^oo on ^oo- Thus we have Hf^oollLP = 
limj^oo IIs'iIIlp = 1- Proposition 14. 131 yields that g^^ L^-converges strongly to g^ on 
Xoo- In particular we have 

/(^-'^rfz/^ = lim / «(^-'^ciz/,; = 0. 



9'^ 'aJ^oo = lim / gl 



Thus we have HV^^ooIIlp > Xi,p{.Xao)- On the other hand, Proposision 13.641 yields 
liminf Xi,p{Xi) = liminf 1 1 Vfi-il > \ \Vgoo\\lp > Ai,p(Xoo). 



J— >oo 



Therefore we have the assertion. □ 

We end this subsection by giving the following two-sided bounds for Ai,p. It is worth 
pointing out that in [H | H6 | [56]. Matei, Naber-Valtorta, and Valtorta give the sharp lower 
bounds on Ai,p. See also [361 SSI [Ml EH EH [60] . 

Corollary 4.19. Let K & H and let M be an n- dimensional compact Riemannian 
manifold with 

(diamM)2RicM > {n - l)K. 

Then 

< C,{n,p,K) < ,^'^'^^2\P ^ C2{n,p,K) < oo. 
(diamM)P 

Proof. Let 

Ci{n,p,K):= min Ai^p(X) and C2{n,p, k) := max Ai^p(X). 

XeM(n,l,K)\M{n,l/2,K) ' X£M{n,l,K)\M{n,l/2,K) 

For a rescaled metric (diamM)~^(yfjvf5 since (M, (diam M)~^qM, vol) G Ai{n, 1, K)\Ai{n, 1/2, 
wehaveCi(ra,p,i^') < Ai,p(M, (diamM)-^^!^^) < C2{n,p,K). Since Ai,p(M, (diamM)-^^!^^) 
(diam M)~^Ai,p(M, (yfAf), we have the assertion. □ 

4.3. Convergence of Hessians. In this subsection we will prove Theorem [L3l Through- 
out this subsection we will always consider the following setting: 

(1) (Moo, moo, "u) is the Ricci limit space of {(Mj, rrii, vol)},- with Moo 7^ {"^oo}, and 
R>0. 

(2) A2nd is a weakly second order differential structure on (Moo,!') associated with 
{{Mi, rrii, vol)} i. 

The following is a generalization of [301 Corollary 4.6]. Compare with Theorem 14.151 

Proposition 4.20. Let I < p < oo, fi e Hi^p{BR{mi)) for every i < oo with 
supj^oo ll/j|l-H'i,p < oo, and /oo G LP^Bnimoo)) ■ Assume that fi converges weakly to /oo on 
BRinioo) and thatV fi G (div— , -Bij(mj)) holds for every i < oo with snpi^oo I |div— V/i| |lp 
oo. Then we have the following: 
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(1) fi LP-converges strongly to foo on Bfi{moo)- 

(2) /oo G ifi,p(5^(moo)) and V/oo G VP{diY\BR{m^)). 

(3) V/i,div— V/i converge weakly to V/oo, div'' V/oo Bji{moo), respectively. 
In particular if p > 2, then /oo € P^(A*^, Sij(moo)) foo = — div^V/oo- 

Proof. It follows directly from Theorems 14. II and 14 .91 □ 

Remark 4.21. We recall a continuity of eigenfunctions with respect to the Gromov- 
Hausdorff topology. Let 0oo be an eigenfunction associated with the eigenvalue Aoo with 
respect to the Dirichlet problem on BR^rrioo)- Then there exist {Xi}i C R>o and a 
sequence {0j}j<oo of eigenfunctions (pi G C^{Bji{mi)) associated with the eigenvalues Aj 
with respect to the Dirichlet problems on Bii{mi) such that Aj — Aoo and that 0j L?- 
converges strongly to 0oo on Bji{moo)- In particular we see that A(f)i L^-converges strongly 
to A"0oo on B^ijn^). See [TOl Theorem 7.11], [HI Lemma 5.17] and [381 Lemma 5.8] for 
the details. Note that in [3l] these results played crucial roles to get Theorem 12.141 See 
also [m |32l [331 EH [35] for a convergence of heat kernels. 

We now are in a position to prove Theorem 11.31 
A proof of Theorem \1.3[ 

Without loss of generahty we can assume K = —1. Proposition 14.201 yields ([I|), /oo ^ 
©^(A", i?ij(moo)), ([6]) and that V/i converges weakly to V/oo on B^ijUoo)- 

Claim 4.22. Let R > 0, L > 0, and let {M,m) be a pointed n- dimensional com- 
plete Riemannian manifold with RIca/ > — ('^ — 1), and f a C'^ -function on Bii{m) with 
\\f\\Hr,2{BR(m)) + \\^f\\L^{BR{m)) < L. Then for every r < R we see that \ \V f\\L2Po{Br{m)) + 
I |Hess/| |i2(^^(„)) < C{L, n, r, R) holds for some Pq := Po{n, R) > 1. 

The proof is as follows. Let r > with r < R. Since |V|V/p| < 2|Hess/||V/| < 
|Hess/p + |V/p, the Poincare inequality of type (1,1) (see for instance [lOi Theorem 
2.15]) yields that 



|V/p--r^/ iV/^dvol 

vol Bt{x) /b^(^) 



vol Bt{x) /b^(^) 

<tC{n,R) I [ (|Hess;p + |V/p)rfvol 

vol Bt{x) J B,M 



dvol 



vol Bt{x) Jb,{x) 

holds for every Bt{x) C Br{m). Thus the Poincare-Sobolev inequality [27^ Theorem 1] 
yields that there exists po : = Po{n, R) > 1 such that po < 2 and 

/ 1 /• 1 /" PO \ i/po 

, „ , , / |V/P TTT^ \Vf\'dvol dvol] 

\volBr{m) Jb,.^^) vol Brim) J b,.(^) J 

-'^^""^^ Kollim^ I (|Hess,r + |V/P)civol 

VO\.t^r\jn) J Brim) 
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hold. On the other hand, by an argument similar to that in j30l Remark 4.2], we have 
I |Hess/| |L2(5^(m)) < C{L,n,r, R). Thus we have Claim H?22l 

Claim 4.23. Let f be as in Claim \4^2^ e > 0, r < R and G C^{BR{m)) satisfying 
that < < 1, 0|Br-£{m) = 1 (ind supp(0) C Brijn). Then we have 



0|V/|^c/vol 



Br{m) 



iV/l^rfvol 



Br(m) 



< '^{e;L,n,r,R). 



Because the Holder inequality and Claim \^72^ yield 



0|V/|2rfyoi 



Br(m) 



|V/pdyol 



Br{m) 



< 111 



\Lio(Br{m)) 



where go is the conjugate exponent of po. 

Let e > 0, r < R, L := snpi^^{\\fi\\Hi,2iBR{m,)) + \\^fi\\L^BR{m,))) and let 0, be aC(e,r)- 
Lipschitz function on Mj for every i < oo satisfying that < 0i < 1, 4>i\Br-cimi) = 1, 
supp(0i) C Brinii) and 0i 0oo on Moo- 



Claim 4.24. We have 
lim 



,|V/,pt/yol 



Br (mi) 



\Vfoo?dv. 



Br (moo) 



The proof is as follows. Since (piV fi converges weakly to 0ooV/oo on Br^nioo), Propo- 
sition [323 Theorem 14. II and Remark 14.31 yield 



,|V/.prfyol = - 



Br (mi) 



/,div^(0,V/,)rfyol ^ - 



Br (mi) 



/oodiv''(0ooV/oo)(ii^ 



Br (moo) 



.\Vfoo\^dv. 



' Br (moo) 

For every sufficiently large i < oo, Claims 14.231 and 14.241 yield 



/ |V/ipdyoi< [ 0,|V/.|'rfyol + *(e;L 

J Br (mi) J Br (mi) 



n, r, R) 



\\/U^dv + ^< 



Br (mo 



\VU^dv + ^. 



Br (moo) 



Since e is arbitrary, we have limsup^^^ ||V/i||L2(B /^^)) < ||V/i||L2(B^ 



HBr(moo))- 



Therefore 



Proposition 13. 66l yields that V/i L^-converges strongly to V/oo on Br{moo)- In particular, 
|V/ip converges weakly to |V/ooP on Brirrioo)- 

Let pi := pi{n,R) > 1 with pi < Pq and Pi/{2 — pi) < Pq. Then Young's inequality 
yields 



|V|V/,Pr^ <2*'i|HessyJP^|V/,r <2^'i ( ^iHess^J^ + 



|V/, 



|2pi/(2-pi) 



Thus by Claim 1122] we have ||V|V/,p|| 

LPi(Br(mi)) < C{n, r, R, L) for every i < oo. There- 
fore Theorem 14.91 yields (jlj), ^ and that |V/ip L^^-converges strongly to |V/ooP on 
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B,{m^). In particular \\V fi\\L2v^i^Br(m,)) ^ 1 1 V/oo| |L2fi(B,(m^))- Therefore by Proposition 
13.661 we see that V/j L^^^^-converges strongly to V/oo on Br{moo)- Thus Theorems 14.91 
and gH yield ([2]) and (jS]). 

Let Woo G Bji{moo), t > with Btiwoo) C i?ij(moo), Wi -)■ Woo and let gt.hi be 
Lipschitz functions on Btiwi) for every i < oo with supj<oo(Lip5fj + Lip/ij) < oo sat- 
isfying that Qi^hi G hold for every i < oo with snY>i^oo{\\^9i\\L^{Bt{w,)) + 
||A/ii||L2(5^(^^))) < oo and that gi.hi Qoo^h^o on Bt{woo), respectively. yields 
{dfoo,dgoo) G Hip-^{Bs{woo)) for every s < t. In particular, {dfoo,dgoo) is weakly Lips- 
chitz. Thus /oo is weakly twice differentiable on Buirrioo) with respect to .42n(i, i-e., we 
have ([7j). Claim |422] yields sup^^^^ IKV^^i, V/ii)||j/i 2(b.K)) < every s < t. Thus 
([3]), ([5]) and Proposition 13.611 give 

lim / {Vf,,V{Vgi,Vh,))dvol= I {Vfoo,V{Vgoo,Vhoo))dv 

for every s <t. Similarly, ([5]), Propositions 13.47 1 and 13.61] yield that 

lim / (V^i,V(V/„V/i.))dyol= / (V^/oo, V(V/oo, V/ioo)) ci^^ 

'■^'^JbJwA JBJWr^.) 



and 



lim / (V/i„V(V(7„V/.))dvol= / {Vhoo,V{Vgoo,VU)dv 

"■-"^JBsIw,) JBs(Woo) 



' Bs{Wi) JBs{Woo) 

hold for every s < t. Since 

2(Vv,,V/„ V/i,) = (V(?„ V(V/„ V/i,)) + {Vhi,V{Vgi,Vm - {Vfi,V{Vg„Vh,)), 

we see that Hess/. (Vgi, Vhi) converges weakly to Hess/^ (V(7oo, V/ioo) on Bgiwoo) for every 
s <t. Thus dH]) and ([2]) follow from Remark 13.541 and Proposition 13.711 □ 

Remark 4.25. We now give a remark about L^-bounds of the gradient of a C^-function 
on a manifold: Let L > 0,-R > 0, and let (M, m) be a pointed n-dimensional com- 
plete Riemannian manifold with RicAf > — — 1), and / a C^-f unction on BR{m) with 
WfWv^iBRim)) + ||A/||l2(b^(^)) < L. Then for every r < R we have \\V f\\L2{Brim)) < 
C{n,L,r, R). 

The proof is as follows. By [71 Theorem 6.33], there exists a smooth function (j) on M 
such that < < 1, 4>\Br{m) = 1, supp(0) C BrIui) and |A0| + |V0| < C{n,r,R) hold. 
Then we have 



/ M/pdvol< / M(0/)|'dvol= / 0/A(0/)rfyol 

J Brim) J BR{m) J Bn{m) 

= [ + + ^VA/) ciyol 

< — [ /^A02 ciyol + L, r, i?) < C{n, L, r, i?). 

2 JBnim) 
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By Theorem 11.31 it is not difficult to check the following: 



Corollary 4.26. Let fl.ff e L'^{BR(rni)) for every i < oo. Assume that fl,fi E 
C^iBnimi)) hold for every i < oo wzth supj.g|i^2},i<oo(ll//llL2(B«(m,)) + ||V//||l^(b^(„^,)) + 
W^fiWi^iBRimi))) < OO and that f- converges weakly to /4, on -Bij(moo) for every j = 1,2. 
Then we have the following: 

(1) supi<^(||[V/i^, V/?^]||i2(B^(^^)) + ||Vv/iV/2||i2(B^(^^))) < oo holds for every r < R. 

(2) Vv/iV/2, [V/i, V/2] converge weakly to Vyf^Vfl [V/^, V/^] on B^o.) for 
every r < R, respectively. 

The following corollary is about an existence of a good cutoff function on Mqo which is 
a generalization of [71 Theorem 6.33] to limit spaces: 

Corollary 4.27. Let r > with r < R. Then there exists a C{n,r, R)-Lipschitz 
function (f)^ on Moo such that < 0oo < 1, 4>oo\Br(ma^) = 1; supp(0oo) C BR^rrioo), 0oo G 
©(A^jMoo) and that (poo is weakly twice differentiahle on M^o with | |Hess^^ | |2,2(a^^) + 
||A''0oo||l-'(a/oo) < C{n,r,R). 

Proof. [71 Theorem 6.33] and [301 Remark 4.2] yield that for every i < oo there exists 
a smooth C(ra, r, i?)-Lipschitz function (pi on Mj such that < (pi < 1, (pi\Br{m^) = 1? 
supp(0i) C BR^mi), (pi e V{A'',Mi) and | |Hess^J |l2(a/^) + 1 1 A0i| |ioo(j\/^) < C{n,r,R). By 
Proposition 13.31 without loss of generality we can assume that there exists a C (n, r, R)- 
Lipschitz function (p^o on M^o such that (pi — ?• 0oo on Moo- Then Theorem 1 1.31 Propositions 
13.641 and 14.201 yield that 0oo satisfies the desired conditions. □ 



4.4. A Bochner-type inequality for general case. We now give a proof of Theorem 

El 



A proof of Theorem I.4 



Let r > with supp(0oo) C Bji_2r{rnoo), L := Lip^oo + ||0oo||l°°5 and e > with 
e << r. [301 Theorem 4.2] yields that for every z < 00 and every j < 00, there exist 
a C(n, L)-Lipschitz function (pij on Bii{mi) and an open subset Vtj C Bji{moo) such 
that supp(0ij) C BR^^{mi), {(j)ij,d(j)ij) -> {(p oo, j,d(j) 00 j) on Qj as i 00, t;(5/j(moo) \ 
^j) < j'^ and that ||0oo,j - 4>oo\\ L^{BR(m^)) + IM0oo,j - d4>oo\\L2(BR{m^)) as J OO. 
[71 Theorem 6.33] yields that for every j < oo there exists a smooth r)-Lipschitz 
function 0^ on Mj such that ||A0j||2,oc < C{n,T,R), < 0j < 1, 0j|Bfl_2T(mj) = 1 and 
supp(0j) C Bji_T-{mj). Note that there exists ej — > such that for every j, there exists 
jo such that + ej(f)i > holds on Bji{mi) for every z > jo- Let gi j := (pij + ejCpi. 
Then Propositions 13.19) and [37501 yield that there exists a subsequence {^(j)}j such that 
gi{j),j > and that {gi(j),j,dgi^j)j) (0oo,#oo) on Bn{moo). Let := Then 
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Bochner's formula yields 



4 / {d<Pi(j),d\dfi(^j)\^)dYg[> I </'iO)|Hess/^(^.jp(ivol 



+ / {-<PiU) i^kj)f + ^kj) {d<Pi{j), dfiU))) rfvol 



+ K{n-1) <l)i{j)\dfi(j)\^dvo[. 

([5]) of Theorem 11.31 and Proposition 13.611 yield 

lim / {.d(l)ii^j),d\dfii^j)\^)dYo[= / {d(t)^,d\dfoo\^)dv. 

OH]) of Theorem II. 3^ Propositions 13.111 and 13.481 yield that (0j(j))^/^Hess/.^^,j converges 
weakly to (0oo)^''^Hess/^ on B^im^). In particular by Proposition 13.641 we have 

liminf / | Hess f,^.^ \^dvo\ > / (^oo|Hess/^ pfit;. 

On the other hand, Proposition 13.111 and Corollary 13.261 yield that {(jyii^j))^/"^ ^fii^j) L^- 
converges strongly to (0oo)^''^A"/oo on _B/j(moo)- In particular we have 

lim / 0i(j)(A/i(j))^dyol = / (p^iA"" foofdv. 

J BR{m,(j^) JBRimao) 

(|3]) of Theorem 11.31 and Proposition 13.271 yield that 

lim / ^fi{j){d(t)i{^j),dfi(^j))dYo[= / A"" f^{d(j)oo,dfoo)dv 

and 



lim / 'Pi{j)\dfi{j)\ dvol= / 0oo|c(foo| dv 

hold. Thus we have the assertion. □ 

Remark 4.28. Under the same assumption as in Theorem 11.41 since |Hess/. ^ > 
{AfiY/n for every i < oo, and |Hess/^p > (A^*^°°/oo)^/A;, where k := dimMoo, by 
an argument similar to the proof of Theorem 11.41 we see that 

^ {d(t)oo,d\dfJ\'^)dv> I 0oo ^^ dv 



r\ I \ — / "-^ ' — I V "-^ I / - — I T exj 

■'BR{m^) JBR{m^) ^ 



(-0oo(AVoo)' + AVoo(#oo, df^)) dv 

BR{moo) 



+ Kin-1) j (pooWool^dv 
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and 

-7^ / {d<Poo,d\dfoo\ )dv> / °° dv 



+ / (-0oo(AVoo)' + AVoo(rf0oo,C?/oo))rfl^ 

J Bji{moo) 

+ Kin-1) I (t)oo\dfoo?dv. 



'Buirrioo) 

On the other hand, Proposition 14.11 and Remark 14.31 yield 

JBaimoc) J Bii{moo) 

Moreover if /j G C^{Bji{mi)) holds for every i < 00 with supj^g^ \ \V Afi\\i,2(^Bu(mi)) < 00, 
then Theorem 14.91 yields that A"/oo G ifi,2(-Bi?,('^oo)) and that VA/j converges weakly to 
VA'^/oo on (moo). Therefore we have 



AVoodiv"(</>„oV/oo)rft; = - / </)oo(VAVoo, V/oo)c^i;. 
In particular for r < R and 0oo as in Corollary 14.271 we have the following T 2- condition: 
-\ I A^<j)^\dU^dv >- I 0oo(VAVoo,V/oo)rft; + ir(n- 1) j 0ooM/oo| 
See also [21 EH EH |42] . 

4.5. Noncollapsing case. We now prove Theorem 11.51 
A proof of Theorem I j.51 

First assume that (Moo, '^oo) is the noncoUapsed limit space of {(Mj,mj)}j. Then ([9]) of 
Theorem 11.31 and Proposition 13 . 721 yield that tr(Hess/.) converges weakly to tr(Hess/^) on 
Bjiimao). Therefore (E]) of Theorem 11.31 yields — tr(Hess/^) = A^f^o on Bji^nioo). Thus 
we have (1). Similarly, it is easy to check (2) by Proposition 13.741 □ 

We give a Bochner-type inequality for noncollapsed limit spaces: 

Corollary 4.29. Let (Moo, moo) be the noncollapsed {n, K)-Ricci limit space of a 
sequence {(Mj, mi)}i<oo- Then with the same assumption as in Theorem I.4, we have 

-\ j {d<j)oo,d\dfJ^)dH''> [ <f)^\ResSfJ^dH^ 



+ / A3^^-/oodiv^«-((/)ooV/oo)cii^" 
+ K{n-l) I <j)^\df^\^dH'- 

J Bnimr^) 



' BR{moo) 

TOO 

Proof. It follows from Theorems 11.4111.5] and Proposition 12. 6[ □ 
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Remark 4.30. We calculate the Hessians of important warping functions given by 
Cheeger-Colding in [7]. Let (Mj,mj, vol) ^^^'l^^"-^ (Moo,moo,^) and k := dimMoo- 

Splitting. Assume that RIcm, > Si with (5j — ?■ 0, and that there exists a line / : R — t- 
Moo with /(O) = moo which means that / is an isometric embedding. Let R > 0, ri < Ri 
with rj — > oo and Zi E Bji.{mi) with ipi{zi),l{ri) — )• 0. Define the harmonic function bj 
on BiooR^rrii) by bi|aij^„o^(„^) = r^^ -r^^rrii). Then we see that sup^ Lip(bi|ij^(„^)) < oo, 
hi converges to the Busemann function boo of / on S^(moo), dhi — )■ dh^o on i?^(moo) and 
that 



holds. See [3 Theorem 6.64] for the proof. Therefore of Theorem 11.31 and Proposition 
13.661 yield that Hessb^ = and that Hessb^ L^-converges strongly to Hessb^ on Bjiimoo)- 
In particular (2) of Theorem 11.51 yields A'^boo = A^*^°°boo = 0. 

Suspension. Assume that RicAf- >n — l and diamMoo = vr. Let {0i}i<oo be a sequence 
of eigenfunctions 0j on Mj associated with the first eigenvalue Ai(M() with respect to the 
Dirichlet problem on Mj with (pi — > 0oo on Moo and | |L2(Afi) = 1- See Remark 14.2 1[ 
Then we see that supj Lip0j < oo, dcpi) — )■ (0oo, dcpoo) on Moo and that 



holds. See the proof of [13j Lemma 1.4], [71 Theorem 5.14] and (TUl Theorem 7.9] for the 
details. Therefore we see that Hess^^ + (pigu, i^^-converges strongly to on Mqo and that 
Hess^^ = —(poogMac (note that Theorem 11.21 yields that if (Moo,moo) is the noncoUapsed 
limit of {(Mj, mj)}j<oo, then Hess,/,. L^-converges strongly to Hess^^ on Moo). Thus we 
have A^A-foo^oo = kcpoo- On the other hand, (THl Theorem 7.9] yields A"0oo = ncpoo- In 
particular A3*^o°0oo = A'^^oo holds on Mqo if and only if Moo is the noncoUapsed limit 
space of {Mj}j. See also [H for examples of interesting singular limit spaces. 
Cone. Assume that Ricjv/i — with 5j — and that 



holds for some R> 0, where 0„ G R". For every i < oo, let /j be the function on _Biooi?(?^i) 
satisfying that A/j = —1 on BioQ^^nii) and fi\dBiooR(mi) = (100i?)^/2?T,. Note that Cheng- 
Yau's gradient estimate [Hj yields supj Lip(/j|B^(mi)) < oo. Then [3 Theorem 4.91] yields 
that there exists a compact geodesic space X with diamX < n such that (-Bi?(moo), 'm.oo) 
is isometric to (-B_r(po);Po)) where C{X) is the metric cone of X and po is the pole of 





^.^ vol dBiQQRjmi) _ vol dBioQuj^n) 
i^oo vol5iooij(mi) vol5ioofl(0„) 



C{X), {f„df,) ^ {rl/2n,d{rl/2n)) on Bn{po) and that 
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holds. Let foo '■= '"pg/Sri. Then we see that Hess/,^ + QMi/n L^-converges strongly to on 
BR^nioo) and that Hess/^ = —QMooI^- Note that ([6]) of Theorem 11.31 yields A" f^o = — 1- 
Thus we have A^*^°°/oo = {k: /n)/Sy f^o- In particular A^*^°°/oo = A^ foo holds on BjiijUao) 
if and only if (Moo,moo) is the noncoUapsed limit of {(Mi,mj)}j. See also P Example 
1.24] for an example of such collapsed limit spaces. 

Remark 4.31. We now give an example of A^^°° f^o 7^ A"/oo. Let be the quotient 
metric space S^/Z„ of (with the canonical orbifold metric) by the action of Z„ generated 
by the rotation of angle 27r/n around a fixed axis. Then it is easy to check that every X„ 
is the Gromov-Hausdorff limit space of a sequence of compact 2-dimensional Riemannian 
manifolds {Mjjj with > 1, where Km^ is the sectional curvature of Mj. Since X„ 
Gromov-Hausdorff converges [0,7r] as — )■ 00, [131 Lemma 1.10] yields that there exist a 
Radon measure v on [0, 1] and a sequence of compact 2-dimensional Riemannian manifolds 
{Mi\i with > 1 such that Ai(Mj) — )■ 2 and [Mj, vol) Gromov-Hausdorff converges 
([0,7r],t;). Then Remark 14.301 and [10^ Theorem 7.9] yield that every first eigenfunction 
0OO of A" satisfies A^^'^cj)^ ^ A^^^^. 

4.6. L^-bounds on Ricci curvature and scalar curvature. In this subsection we 
consider the following setting: 

(1) (Moo, moo, t') is the (n, -ft')-Ricci limit space of {(Mj, mj, yol)}i<oo with Moo 7^ 
{moo}. 

(2) A2nd is a weakly second order differential structure on (Moo,!') associated with 
{(Mi,mi,vol)}i<oo. 

(3) supj^oo I iR-icAfJ |LP(Bjj(m,)) < oo for some 1 < p < 00 and some i? > 0. 

Then by Proposition 13.501 there exists a weak convergent subsequence {RicMi(j)}j- Thus 
furthermore we assume the following: 

(4) There exists RIcmoo ^ -^^(^2 -^^(moo)) such that RIcm^ converges weakly to RicjUoo 
on Bn^nioo)- 

We call RicMoo '^^^ Ricci tensor of Bji^rrioo) with respect to {(Mj, m^, vol)}j<oo- In this 
setting we can get the following Bochner-type formula: 

Theorem 4.32. Let {/i}t<oo be as in Theorem \1.3[ Furthermore we assume that there 
exists p > 2q with p > 2, where q is the conjugate exponent of p, such that the following 
hold: 

(1) V/j -converges strongly to V/00 on Br{m^) for every r < R. 

(2) Hessj- L'^-converges strongly to Hess/^ on Br{moo) for every r < R. 
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Then 



I {d(j)oo,d\dfoo\^)dv = 0oo|Hess/^pc/i; 



+ / AVoodiv'^(0ooV/oo)rfi^ 

J Bii{mcx,) 

+ / 0ooRiCMoo(V/oo, V/oo)(il' 

J Bji.{moo) 

holds for every Lipschitz function (poo on B^{moo) with compact support. 

Proof. Let r > with supp(0oo) C Bn^rifT^oo) and let 0i be a Lipschitz function 
on Bu{mi) for every i < oo with supj Lip0i < oo, supp(0i) C BR^rijni) and 0j — )■ 0oo 
on B^{moo)- By the proof of Theorem 11.41 and Proposition 13.741 it suffices to check the 
following: 

Claim 4.33. We have 



J— ^oo 



lim / 0iRicAf,(V/i, V/j)(ivol = / 0ooRicMoo(V/oo, V/oo)(it^. 

'Bii{mi) J Bii{mao) 



The proof is as follows. For every Xi — )■ Xoo and every y-i — )■ ?/oo, since (V/i,Vra;J 
L^-converges strongly to (V/oo, Vr^;^) on Bn^moo), we see that 

/ (V/.®V/„Vr,, ® Vrj,Jc?yol= / (V/„ Vr,J (V/i, Vrj^Jc/yol 

^ / (V/oo,Vr,^)(V/oo,Vr,^)rft; 

J Bt( Woe) 



/ (V/oo ® v/oo, Vr^^ (g) Vry^)rfi; 

>^ Bt (Woc ) 



t{Woo) 

holds for every Woo G Bji^rrioo), every t > with Bt{woo) C -Bij(moo) and every — )■ Woo- 

Thus V/j V/j converges weakly to V/oo ® V/oo on Brirrioo) for every r < R. On the 
other hand, for every r < R, since 



/ |V/.®V/.r/2rfyol= /" |V/irt/yol 

J Brinii) J Br (mi) 



-> / |V/ooRt; 

'-Br(nioo) 



iv/oo®v/oor/v 



V. 



Br (moo ) 



Proposition ESa yields that V/i® V/i Lp/^ -converges strongly to V/oo® V/oo on Brinioo)- 
Thus by Proposition 13.701 we see that (piV fi (g) V/i L'^/^-converges strongly to 0ooV/oo ® 
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V/oo on Bji^rrioo)- Therefore Proposition 13.611 yields 

jRicM,(V/i, V/i)c?vol = / {RicM,,(l)idfi'S)dfi)dYo[ 



' Bii{moo) 



0ooRiCMo„(V/oo, Vfoc)dv. 



Therefore we have the assertion. □ 

Corollary 4.34. Let {/j}j<oo be as in Theorem \1.3[ Assume that p = oo and that 
Hess/. L'^-converges strongly to Hess/^ on Br{m^) for every r < R. Then we have the 



same conclusion as in Theorem 4-32 



Proof. It follows from ([3]) of Theorem 11.31 and Theorem 14.321 □ 
We end this subsection by discussing the scalar curvature of Moo- 

Definition 4.35. Let sm^ ■= tr(RicAf^) G LP{BR{moo))- We say that sm^ is the 
scalar curvature of Bji{moo) with respect to {(Mj, mj, yol)}j. 

Corollary 4.36. Assume that M^q is the noncollapsed limit space of {(M(,mj)}j. 
Then the scalar curvatures SMi of Mi converges weakly to Sm^c on Bii{moo). 

Proof. It follows from Proposition [3.721 □ 
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